†

∗

∗

† d

d

d

−

≤ A

−

−

−

− d ϵ

d ϵ

d

d

1+

1+

3

1

1

Abstract

− ≥

A |A |

A

A

− ≥

arr angement

1 In tro duction

U n d E

U

E d k

k < d U U E deterministic al ly

Marco Pellegrini

May 20, 1996

U n d d d

U U K U

U O n K

O n K n ϵ >

U O n

U

d U d

O n

O n

O n

Key words.

AMS sub ject classifications.

1.1 P oin t Lo cation: definition and previous results

On P oin t Lo cation and Motion Planning among Simplices

Pr o c e e dings of the 26th ACM Symp osium on The ory of

Computing

A prelimi nary version of this work app eared in the

.

Research supp orted by C.N.R. within the 1993-1994 Senior Visiting Scientist program at ICSI.

Affiliation: Istituto di Matematica Computazional e del C.N.R., via S. Maria 46, Pisa, Italy .

e-mail: p ellegri ni @ie i.pi .cnr.it arrangements of simplic es, p oint lo cation, sparse nets, motion planning, triangu-

lations

68P05, 68Q25, 68Q40, 68U05

Point lo cation is a central problem in computational geometry [PS85, Ede87, Meh84] and a continu-

ous stream of research pap ers have b een published on this topic from the early days of computational

geometry till to day

. Let b e a set of p ossibly intersecting ( 1)-simplices in . F or example

we consider segments on the plane, triangles in 3-space, tetrahedra in 4-space, etc.. Such a set

decomp oses into op en cells of dimension and into relatively op en cells of dimension , with

0 . This collection of cells is called the ( ) induced by in . W e

Let b e a set of p ossibly intersecting ( 1)-simplices in -space, for 2; and let

( ) b e the arrangement of . Let = ( ) b e the numb er of faces of any dimension in

the arrangement of . A data structure is describ ed that uses storage ( + ) and is

built in time ( + log ), where 0 is an arbitrarily small constant,

such that the face of ( ) containing a query p oint is lo cated in time (log ). If two query

p oints are in the same cell of ( ) a collision-free path connecting them is pro duced. This

result is obtained exploiting p owerful and so far overlo oked prop erties of sparse nets intro duced

by Chazelle [Cha93]. If the ( 1)-simplices in have pairwise disjoint interiors and 3,

improv ed b ounds are obtained. A data structure is describ ed that uses ( ) storage and

is built deterministically in time ( ) such that p oint lo cation queries are solved in time

(log ). Also, as a by-pro duct, this metho d gives the first optimal worst-case algorithm for

triangulating a non-simple p olyhedron in 3-space.

1

− −

ϵ

ϵ ϵ

A

A

A

≥

A

1 +

+

1 1

2 exp e cte d d

d ϵ

d ϵ

d

d

d

d d d d

Hyp erplanes

Planar Maps

U K

U U

U

q U q

q q U

q U q

U d

d

d

U H E d

O n O n

O n

O n O n

O n O n

O n O n

O n / n O n / n

U E

O n O n O n n

l

l U

Here and throughout the pap er we denote with an arbitraril y small p ositive real numb er. The multipli cati ve

constant in the big-Oh notation may dep end on and it go es to infinity as tends to 0.

asso ciate a unique identifier to each cell in ( ) from a universe of distinct lab els. Let b e the

cardinality of ( ), also referred to as the combinatorial complexity of the arrangement of . The

p oint lo cation problem consists in prepro cessing into a data structure so that subsequently the

following query can b e answered efficiently:

(A) Given a query p oint find any cell in ( ) whose relative interior contains .

W e consider in this pap er also two v ariations of the p oint lo cation problems for which slightly

different b ounds are known.

(B) Given a query p oint , determine whether is incident to any element of (incidenc e query).

(C) Given a query p oint , determine the element of immediately b elow in a fixed direction

(this v ariation is also called vertical ray-sho oting problem).

Several results are known when restrictions are placed on the input set and on the dimension .

W e assume that the dimension is a small constant and the multipli cative constants in the big-Oh

notation dep end on .

. When is a set of hyp erplanes in , for 2, Clarkson [Cla87] solves

p oint lo cation queries in time (log ) using a data structure of size ( ) which is constructed

in time ( ). Chazelle and F riedman [CF92] solve the vertical ray-sho oting problem in

(log ) time, using a data structure of size ( ), but with an high pre-pro cessing time. Chazelle

[Cha93] solves p oint lo cation queries in time (log ) using a data structure of size ( ) built

deterministicall y in time ( ). Chazelle [Cha93] solves incide nce queries in (log ) time using

a data structure of size ( (log ) ) which is built deterministical ly in time ( (log ) ).

Matou ˇ sek [Mat93

] solves vertical ray-sho oting queries within the same b ounds.

. The p oint lo cation problem has b een studied extensively for the case when

is a set of segments in forming a planar map (e.g. [LP77, Pre81, L

T80]). Even a partial

list of all the imp ortant results on this problem is b eyond the scop e of this pap er and for a more

complete discussion of p oint lo cation algorithms for planar maps we refer the reader to the b o ok of

Preparata and Shamos [PS85] and Edelsbrunner [Ede87]. Point-lo cation queries (v ariations (A),(B)

and (C)) are answered in time (log ), using ( ) storage and ( log ) prepro cessing time (see

e.g. [Kir83], [EGS86], [Col86] and [ST86]). The techniques used in [Kir83, EGS86] are essentially

based on prop erties of planar maps that do not hold for generalizations of such maps to 3 and

higher dimensional spaces. The results in [Col86, ST86] are based on the sweeping paradigm.

These algorithms sweep a line on the plane and maintain dynamically (or semi-dynamicall y) the

intersection of with the cells in ( ). F or the plane the problem is to maintain dynamically

a 1-dimensional arrangement, which is relatively easy

. Preparata and T amassia [PT88] give an

efficient metho d for dynamic maintenance of planar maps, which is used in [PT89] in connection

with a plane sweeping in 3-space. The sweeping paradigm fails in dimension 4 since we do not have

yet an efficient metho d for dynamic maintenance of 3-dimensional maps.

− −

−

− −

≥

A A

A

≥

|A |

≥ d

ϵ ϵ

d

d ϵ d ϵ

d ϵ

d d c onvex arr angement

3

2

3

2 2

2

2+ 2+

2

3

1+ 1+

2 3 1+

1 1

1.2 New results on p oin t lo cation

1.3 Motion planning among simplices d U n

E

O n O n n U

E U

O n O n

O n n

U

U n

n

U K n, n

K U n

U O n n K U O K

O n

O K O n n K

U O n K O n K n

O n

n E d

K U O n

O n K O n K n

O n O n O n K

U

d

O n O n

O n

B

k B

Pairwise Interior-Disjoint Simplices in

Intersecting Simplices

Intersecting simplices.

Non-intersecting simplices.

3. If is a set of interior-disjoint triangles

in forming a , the metho d of [PT89

, GT91] solves p oint lo cation queries

in time (log ) using ( log ) storage and prepro cessing time. If the set is still formed by

interior-disjoint triangles in but the arrangement of is not comp osed of convex cells, Mulmuley

[Mul91] gives a metho d that solves p oint lo cation queries in time (log ), using ( ) storage

and ( log ) prepro cessing time.

. When is a set of hyp erplanes in general p osition or a set of interior-

disjoint simplices, the size of the arrangement of is b ounded tightly by a function of . Therefore

the upp er b ounds are expressed as a function of one v ariable . When we allow the simplices in

to intersect each other we have that is in the range [ ]. Therefore we are interested in

algorithms whose time and storage b ounds dep end explicitl y on . If is a set of p ossibly

intersecting segments in the plane, we can use the optimal algorithm of Chazelle and Edelsbrunner

[CE92] to construct ( ) in time ( log + ). Since ( ) is a planar map of size ( ) we can

use the p oint lo cation metho ds for planar maps and solve p oint lo cation problems in time (log )

using ( ) storage and ( log + ) prepro cessing time.

Recently and indep ende ntly de Berg, Guibas and Halp erin [dBGH94] have extended the sweep-

ing plane technique in [Mul91] to sets of intersecting triangles in 3-space. They build a decomp o-

sition of ( ) into ( + ) convex cells using ( + log ) time. Point lo cation queries

are answered in time (log ). Since the approach is based on a sweeping plane it suffers of the

limitations mentioned b efore for extensions to higher dimensions.

The main contribution of this pap er is a metho d for solving p oint

lo cation queries in an arrangement of p ossibly intersecting simplic es in , for 2. Our

time and storage b ounds dep end explicitl y on the numb er of cells in the arrangement of simplices

= ( ) . W e answer p oint lo cation queries in time (log ), using a data structure of size

( + ) which is built deterministicall y in time ( + log ). W e answer inciden ce

queries in time (log ) and vertical ray-sho oting queries in time (log ), using ( + )

prepro cessing time and storage.

If the simplice s in are pairwise interior-disjoint, we obtain im-

proved time and storage b ounds for 3. W e give a deterministic algorithm that builds a data

structure of size ( ) in time ( ). Point lo cation, vertical ray-sho oting and inciden ce

queries are answered using this data structure in time (log ).

The results in this pap er are relev ant for motion planning problems. F or background material on

motion planning we refer the reader to [SS90, Lat91]. The motion planning problem in its simplest

(purely geometrical) form is defined in [SS89] as follows:

Let b e a rob ot system consisting of a collection of rigid subparts having a total of

degrees of freedom, and supp ose that is free to move in two- or three-dimensional

−

− ⌊ ⌋

⊂

−

A

A

A

A

A

Point-Rob ots k

k

k

k

k

d

d

ϵ

d

d d/

d

d

k

ϵ

1

2

1 2

1 2

1

2+

( 1) 2+1

3 4

3 4

3+ 3

1.4 New results in motion planning motion planning pr oblem

sp ac e of fr e e

p ositions

c onvex

V

B Z

Z B

B Z Z

B k B E

E B V

F P E

Z Z F P F P E

F P k

O n n

B d

d

O n n n d

E d

U O n

n E

O n

d

E

E

F P

F P U

U

B

U

O n

E E

E E U

O n K O n

K space amidst a collection of obstacles whose geometry is known to the rob ot system.

The for is: Given an initial p osition and a desired final

p osition of , determine whether there is a continuous obstacle-avoiding motion of

from to , and if so plan such a motion.

Since has degrees of freedom a p osition of is representable as a p oint in . The subset of

representing p ositions in which do es not collide with obstacles in is called the

. Thus the motion planning problem is reduced to the problem of finding a path

connecting and in . If is a semi-algebraic set in , Schwartz and Sharir [SS83] solve

the motion planning problem in time p olynomial in the numb er of algebraic constraints defining

and their maximal degree and doubly exp onential in . Canny [Can87] gives an algorithm with

running time roughly ( ), where is the numb er of algebraic constraints.

. If the rob ot is a p oint in -dimensional space and the obstacles are simplices,

we have the simplest -dimensional motion planning problem. Aronov and Sharir [AS92] give an

( log ) upp er b ound on the complexity of one cell in an arrangement of ( 1)-simplices

in . F or = 3, this b ound and metho d in [AS90] result in an algorithm for computing one cell

of ( ) in ( ) exp ected time.

A recent result of de Berg, Matou ˇ sek and Schwarzkopf proves that any two p oints connected

by a collisi on free path among p ossibly intersecting obstacles in can also b e connected

by a piece-wise linear path comp osed of ( ) segments. Algorithms to compute such

paths are provided only for = 2.

The technique we develop for solving p oint-lo cation queries among simplic es in gives us with

little extra effort a metho d for planning motions of p oint-rob ots among obstacles represented by

simplices in . Our result is relev ant when the initial p osition is not fixed but it is rather part of

the query

, as it is often the case during the design and simulation of rob otic systems. In this case

it is more convenient to compute the whole arrangement of simplice s once during prepro cessing

rather than computing single cells on-line. Moreover, since motion planning problems for more

general rob ots can b e solved by reduction to motion planning for p oint-rob ots in higher dimensional

space, we can use our metho d to compute the free space whenever the expanded obstacles in

configuration space are simplices. The free space is in general only a sub complex of ( ) and

in the worst case the two sets can have complexity differing by orders of magnitude. On the other

hand, in more practical situations the arrangement ( ) is likely to b e sparse when the obstacles

are far from each other in terms of the size of the rob ot . Our algorithm is able to take adv antage

of the sparsity of ( ) and in such cases it provides a more efficient algorithm than general roughly

( ) solutions [Can87] or solutions based on extending the simplic es into hyp erplanes.

F or example, we use our results to find the isotopy classes of lines induced by a set of p olygons

in 3-space which are on a family of parallel planes. W e map lines in as p oints in and edges

in as simplices in . The arrangement ( ) of these simplices represents the isotopy classes

of lines. Thus using ( + ) storage we can find in time (log ) the isotopy class of a query

line and pro duce collision-free motions of a line. In this context is related to the numb er of

−

− −

−

≥

≥ −

− ≥

≥ d

d

d d

d d

d

d

d d

3

3

3

2 3

1 +1

3

2 2

3

1 1

2

2

1

E /U

d d

d U d

E

U

n E U

B S P U E

E

v v

U

O n O n d

O n O n

U E U

O n O n

E

d d d

O n O n

d U

d

n d

n

n E /r

E

n/r

/r O r O nr

1.5 T riangulations

1.6 New results on triangulations

1.7 On cuttings and sparse nets triangulations

Binary Sp ac e Partition

c onvex c el ls

deterministic

cuttings sp arse nets lines that meet four edges of the input p olygons. This particular motion planning problem arises

in controlling a radiation b eam for radio-surgery of the brain. The mo del of the human brain as a

collection of parallel p olygons can b e obtained in a natural way by using a CA

T scanner.

Often p oint lo cation metho ds are based on decomp osing the free space into convex parts.

Such decomp ositions are referred to generically as . The problem of buildi ng triangu-

lations is imp ortant in its own right with a wide range applications. Most of the known results are

for = 2 (see e.g. [Cha87]) and fewer for higher dimensional spaces (i.e. 3). In this pap er we

consider the problem in 3 when is a set of pairwise interior-disjoint ( 1)-simplices. This

class of input is imp ortant b ecause include s b oundaries of general p olyhedra in .

A concept similar to that of a triangulation is that of a . Given a set

of interior-disjoint triangles in 3-space, a Binary Space Partition of induced by (denoted

( )) is a hierarchical partition of into asso ciated with the no des of a binary

tree. The ro ot is asso ciated with the whole space and the regions asso ciated with the children

of no de form a convex partition of the region asso ciated with . The leaves are asso ciated with

regions whose interior do es not meet any triangle in . Paterson and Y ao show in [PY90] how to

obtain a BSP’s of size ( ) in time ( ) for = 3. In higher dimensional space the metho d in

[PY90] builds a BSP of size ( ) in time ( ).

F or the sp ecial case when is the b oundary of a p olyhedron in and is connected, Chazelle

[Cha84] gives a triangulation of size ( ) which is built in time ( ). Both b ounds are worst

case optimal. The metho d in [Cha84] relies on the connectivity of the b oundary and therefore this

metho d do es not extend naturally to p olyhedra with disconnected b oundary

. Some triangulations

for sp ecial p olyhedral sets in are discussed in [Ber93].

In this pap er we show a metho d for buildi ng a triangulation induced by pairwise interior-disjoint

( 1)-simplices in -dimensional space ( 3). W e obtain a algorithm that builds a

triangulation of size ( ) in time ( ). T o our knowledge no b etter algorithm is known for

dimension 4 for the case when is a set of pairwise interior-disjoint simplice s even forming a

connected b oundary

. The size and time b ounds of our algorithm are worst case optimal for = 3,

as follows from an Ω( ) lower b ound in [Cha84]. F or = 3, our result is the first worst case

optimal Θ( ) algorithm for triangulating a non-simple p olyhedron in 3-space.

The main to ols used in this pap er are and . Given hyp erplanes in , a (1 )-

cutting is a collection of simplices with disjoint interiors which together cover and such that

the interior of any simplex is cut by at most hyp erplanes. Chazelle describ es a deterministic

algorithm to construct (1 )-cuttings of size ( ) in time ( ) [Cha93]. This algorithm is

the basis of improved metho ds for lo cating p oints in arrangements of hyp erplanes and for many d

d

d

d d

− −

−

⊂

−

1.8 The metho d

/r

H R H

s E H H

s R s

d

d d d

O n d d

N U N E

U

U

U

O n O K o n

d

d d

K sp arse nets

elementary

her e ditary se gment tr e e

tr ap ezoid metho d

sp arse nets other geometric problems. Matou ˇ sek uses the algorithm in [Cha93

] in order to improve time and

storage b ounds on the simplex range searching problem [Mat92].

The algorithm for constructing (1 )-cutting relies on prop erties of the so called

which are sp ecial subsets of an input set of hyp erplanes. Intuitively

, a sparse net of a set

for a region of is a subset of such that the numb er of vertices in the arrangement of

within is well approximated by the numb er of vertices of the arrangement of within .

In [Cha93, Mat92] this prop erty of sparse nets is applied to ob jects (hyp erplanes) that pro duce

“globally dense” arrangements (i.e. every hyp erplanes in general p osition meet in one p oint),

by exploiting the “lo cal sparsity” of the arrangements. Previous randomized (e.g. [Cla87]) and

deterministic (e.g. [Mat91

]) techniques are already quite efficient for globally dense arrangement

and therefore we gain p olylogarithmic or small p olynomial factors by using the cuttings describ ed

in [Cha93]. In this pap er we show that sparse nets are very useful computational to ols for ob jects

like ( 1)-simplices that pro duce “globally sparse” arrangements (i.e. not every ( 1)-simplices

meet, and in general there can b e b etween 0 and ( ) p oints meeting ( 1)-simplices).

W e will show three data structures to solve inciden ce queries, vertical ray sho oting queries and p oint

lo cation queries. Each data structure uses the previous one. W e tackle first the problem of solving

incidenc e queries. The general strategy is a classical geometric divide- and-conque r. W e select a

subset and we use to partition into convex cells of constant descriptive complexity

(also referred to as cells). W e compute the simplices of intersecting each elementary

cell and we apply the same metho d recursively within the elementary cell. At each recursive call

the size of the problem is reduced and eventually we obtain elementary cells which do not intersect

any simplex in . At this p oint we stop the construction.

The elementary cells generated during the prepro cessing are organized in a search tree, which

has the flavour of a multi-dimensi onal extension of the [CEGS89, dBGH94],

or of a multi-dimensi onal extension of search trees in the for planar p oint lo cation

[Pre81, PS85].

W e answer the incidence query by visiting the tree until either we detect an incidenc e of the

query p oint with a simplex in , or we reach a leaf and we conclude that there is no incidence .

The main contribution of this pap er is in the analysis techniques that allow us to derive the

input sensitive b ounds on the storage and time b ounds. The difficult task is to make sure that we

obtain at each level of the search tree a fine tuned b ound on the numb er of elementary cells. If

we use a coarse b ound on the numb er of elementary cells we will end up easily with total storage

( ), which falls short of our goal of a b ound roughly ( + ( )). This tight control on the

size of the construction is attained exploiting the prop erties of the [Cha93].

Chazelle uses the sparse nets in order to pro duce hierarchical cuttings for sets of hyp erplanes.

These cuttings than are the main ingredient of his metho d for solving p oint lo cation queries in

arrangements of hyp erplanes [Cha93]. Here we follow the same general approach of [Cha93] with

two main differences. Algorithmicall y

, we construct elementary cells in -space and also elementary

cells in ( 1)-space, which are then “lifted” to -space. In the analysis, we use finer arguments

on the numb er of elementary cells so to obtain a final b ound that dep ends explicitl y on .

1 2

1 2

d

d

d

e

e

∪

\

A

A

A

\

⊆ ≤ de c om-

p osable

gener al p osition

2 Sparse Nets and Hierarc hical Cuttings

U U

U U

U E U

U

d

U

p d U

U

E U

H n d

E H d

R H ρ n e R

H R H e e

d s v R, s v H , s

R H s H s

H s

r

Once we have the data structure for incidenc e queries we add auxiliary data structures that en-

able us to solve vertical ray-sho oting queries, within the same asymptotic b ounds for prepro cessing

and storage.

W e solve incide nce queries and vertical ray-sho oting queries using the fact that these are

queries, that is, knowing the solution for sets of simplices and we can easily find the

solution for . This do es not hold for p oint lo cation queries among simplices. In fact, if we

partition the input set we may lo ose essential connectivity information on the set . When

the input is formed by hyp erplanes, two p oints are in the same cell of the arrangement if and only

if the two p oints are on the same side of each hyp erplane. F or simplice s this simple characterization

do es not hold any more and we need more p owerful metho ds to identify the cells in ( ).

Our metho d to overcome these difficulties consists in buildin g a sequence of sets of graphs which

enco de the top ological information. This sequence is indexed by the dimension of the subspaces

in which our arrangement is contained, starting from dimension two up to dimension . In this

construction ray-sho oting op erations are an essential ingredient needed to ”lift” the top ological

information from lower dimensional to higher dimensional arrangements. At the end of the pre-

pro cessing phase we have built the connectivity graph for ( ) and each face is prop erly lab elled.

Given a query p oint , we use a sequence of vertical ray-sho oting queries to find a vertex of ( )

in the same face

When the set is formed of pairwise disjoint simplices we use a more direct line of attack

that aims at generating a hierarchical triangulation of the free space . The p oint lo cation

pro cedure is a natural pro duct of the hierarchical triangulation.

The pap er is organized as follows. Section 2 recalls the main prop erties of the sparse nets

[Cha93]. In Section 3 we give and analyze the algorithms for solving inciden ce queries and vertical

ray-sho oting queries. In Section 4 we give and analyze the algorithm for solving p oint-lo cation

queries. In Section 5 we give the algorithm to construct a triangulation induced by disjoint simplices,

as a corollary we obtain a metho d for solving p oint lo cation queries for this particular typ e of input

set.

In this section we give the basic definitions and lemmas from [Cha93

] which form the background

to the results shown in the subsequent sections. Let b e a set of hyp erplanes in Euclidean -

dimensional space . W e assume that is in , meaning that exactly hyp erplanes

meet in a common p oint. Let b e a subset of hyp erplanes. F or a segment , let

(resp ) b e the numb er of hyp erplanes in (resp. ) intersecting but not containing . F or

a -simplex , let ( ) (resp ( )) b e the numb er of vertices of the arrangement created by

(resp. ) contained in the relative interior of . W e denote by ( ) the subset of hyp erplanes

of intersecting . All definitions and lemmas in this Section extend to improp er simplice s (i.e.

with some vertices at infinity). Let b e a p ositive integer numb er.

−

−

−

−

−

|

|

|

|

|

|

|

|

0

1

0

1

0 0

0

0

0

1

0

0 0

0 0

0 0

0

1

1

0

0

| |

−

| |

≤

| |

| |

| | ≤

| | ≤

≤ ≤

| |

≤ | |

| | e e

e e

e e

d

d

d

d

i

i i

i

i

i i

i

d d

d

d d d

d

Definition 2

Definition 3

Definition 4

Lemm a 1 ([Cha93])

Lemm a 2 ([Cha93])

Lemm a 3 ([Cha93])

R /r H e

R

R

H

H

<

r

.

R /r H e H > n/r R >

R /r H , s e H > n/r R >

v R, s

R

H v H , s .

/r H E

n/r H

H n E d

E s d r

i > s H s n/r

/r H s /r

H H s n/r s

/r

n/r H s n/r H s , s

A s H s A s , s

s ρ r H s /n ρ ρ ρ

ρ

A s / dρ H s R s / dρ

A s s

v R, s ρ/ H s v H , s ρ /ρ .

R s

O ρ v R, s

s

O ρ ρ ρ

H s v H , s .

A s R s

O H s is a -appr oximation for if, for any se gment :

is a -net for if for any se gment , implies .

is a sp arse -net for if for any se gment , implies ;

and the fol lowing ine quality holds:

A -cutting for is a p artition of into interior-disjoint simplic es such that

any simplex me ets at most hyp erplanes of . The numb er of simplic es in the p artition is c al le d

the size of the cutting.

L et b e a -appr oximation of and a sp arse -

net for in , then the fol lowing ine quality holds:

A c anonic al triangulation of the sp arse net of L emma 1 has size

. which is

The appr oximation and the sp arse net of L emma 1 ar e c ompute d

in time .

(1 )

1

(1 ) 0

(1 ) ( ) 0

( ) 4( ) ( )

(1 )

Let us supp ose that we are given a set of hyp erplanes in and a collection Θ of -

simplices which partitions of . Let b e one of these -simplices in Θ, let b e a constant and

0 an integer. Assume that for any in Θ we have ( ) . In these conditions Θ is a

(1 )-cutting for . The ob jective is to refine lo cally each simplex so to obtain a 1 -cutting

for . If it happ ens that ( ) , then there is no work to b e done, since satisfies the

condition for b eing an element of a (1 )-cutting.

So we consider the case when ( ) . Computing a sparse net for ( ( ) ) di-

rectly is time-consuming, therefore, following Chazelle [Cha93], we generate first an approximation

( ) of ( ), then we build a strong net for ( ( ) ), whose triangulation is the desired refinement

for . W e define = ( ) and = log . W e can achieve our aim with a sparse net of

size . The following lemmas summarize imp ortant prop erties of the construction in [Cha93]:

( ) (1 (2 )) ( ) ( ) (1 (2 ))

( )

( ) 4( ( ) ) ( ) + 4

( )

( + ( ))

Observ ation: combining the b ounds of Lemma 1 and Lemma 2 we obtain a b ound on the

numb er of simplice s in the refinement of that is

( log + (

( )

) ( ))

( ) ( )

( ( ) )

0

−

0

0

0 0

0 1

0

0

0

∈

∈

−

−

− −

−

−

−

| | ≤

| | ≤ i

i

d

d d

d

l

r

i i i

d

i

d

i

i

i

3 Incidence and v ertical ra y-sho oting queries

Lemm a 4 ([Cha93])

Definition 5

Definition 6

Definition 7

3.1 Preliminary definitions

3.2 A data structure for incidence queries

H

n/r

R s s s

s /r H

E

d E d E

d

d t d s t s

t s

d t d s d

t s

d t d s t s

t s

d

d

U n d E

d C , .., C l n r

C C C C d

s, P s , Q s s d E P s U

s Q s U s C

E C

P s P s n/r

Q s r n/r

The numb er of hyp erplanes in interse cting any simplex in the c anonic al

triangulation of L emma 2 is less than or e qual to .

A -c el l in is a -dimensional simplex in or an infinite prism whose axis is

vertic al and whose cr oss se ction is a -simplex.

A -simplex p artial ly c overs a -c el l if interse cts and the vertic al pr o-

je ction of do es not c ompletely c ontain the vertic al pr oje ction of .

A -simplex c ompletely c overs a -c el l if interse cts and the pr oje ction

of c ontains the pr oje ction of .

elementary c el ls

p artial ly c overing c overing

The collection of all the simplice s obtained as a result of canonical triangulations of the sparse

nets ( ) of Lemma 1 within , together with those simplices Θ for which no work was done,

for all Θ, is a (1 )-cutting for .

W e fix once and for all a vertical direction in . The following definitions are essential for the

algorithm:

( 1)

( 1)

If ( 1)-simplex partially covers a -cell then the vertical pro jection of some ( 2)-face

of will intersect the vertical pro jection of .

( 1)

The concept of partially covering and totally covering ( 1)-simplices can b e seen as an

extension to higher dimensions of the concept of ”short” and ”long” segment in hereditary segment

trees. In this pap er, -cells will b e called also .

W e are given a set of p ossibly intersecting ( 1)-simplices in . W e build a sequence of sets

of -cells where = log and is a suitable constant. The base of the construction is

and the construction precedes inductively from to . The set is a collection of -cells

with auxiliary information ( ( ) ( )) where is -cell in , ( ) a subset of simplic es in

, and ( ) is a subset of simplices in . In each set the union of

the elementary cells is . The inv ariants maintained over the sets are:

(I) ( ) empty or ( ) ,

(I I) ( ) .

( )

−

−

−

′ −

−

′

−

−

′

′

′ ′

′′

−

′′

′ ′′

− d

k

k

k k

k

k k

k

k

k

k k

k

k k

k k

k

k

k

k

l

n

d

k

k

0

1

1 0

0

0

0

0

1

0

0

1

0

0

0

1

0

0

1

0

0

1

0

0 0 0

0

0

1

0

0

0

0

0 0

1 2

1

{ ∅ }

| | ≤ ∅

| | ≤

∅

| |

| | ≤ ≤

| | ≤

∅ | |

−

−

−

− −

| | | | ≤

| | ≤ | | ≤

≤

{ }

− ≤

| |

3.3 The incremen tal step of the algorithm

3.4 Analysis of the algorithm

C E , U, C

C k >

s C Q s r n/r C s, , Q s

r n/r < Q s r n/r

s

Q s d σ, , Q σ Q σ

Q s σ

ρ s r Q s /n σ

Q σ r n/r s C ρ s r

s C P s P s n/r C

s, P s , n/r < P s < n/r

P s d

d P s s

d s

P s s

d d d s

η , P η , Q η P η P s η Q η

P s η

ρ s r P s /n P η n/r

Q η P s r n/r s

C ρ s r

C

C d

d

C , ...C

q U

ρ s ρ s ρ s K

U d

d U K c , c , ...

d C

d d C

d

The first set is = ( ) , which satisfies inv ariants I and I I. The algorithm to construct

from , for 0, works in two main phases.

(1) F or any elementary cell in , if ( ) , then we add to the triple ( ( )).

Otherwise, by induction hyp othesis, we have that ( ) and we are in

the conditions for the application of Lemma 1. W e build a sparse net of Lemma 1 in on

( ). W e triangulate the sparse net thus obtaining a set of -cells ( ( )), where ( )

is the subset of elements of ( ) totally covering .

W e cho ose the parameter of the net ( ) = ( ) and thus obtain, for each new cell ,

( ) as follows from Lemma 4. Note that, for every in we have ( ) ,

which is an imp ortant prop erty exploited in the analysis.

(2) F or any in , if ( ) is empty we skip phase (2). If ( ) , then we add to

the triple ( ( ) ). Otherwise, by induction hyp othesis we have ( ) .

W e pro ject vertically the (d-2)-faces of simplice s in ( ) onto a ( 1)-dimensional subspace,

and extend the pro jections into full hyp erplanes in this subspace. W e denote this set of

hyp erplanes in ( 1)-space with ( ). W e pro ject vertically and decomp ose the pro jection

into (a constant numb er of ) ( 1)-simplices. F or any such region , we make a sparse net

of Lemma 1 for the hyp erplanes ( ) in . W e triangulate the sparse net and obtain a set of

( 1)-cells. Extend the ( 1)-cells vertically in -space within obtaining infinite prisms

( ( ) ( )), where ( ) is the subset of simplic es in ( ) partially covering , and ( )

is the subset of simplices in ( ) totally covering .

W e cho ose the parameter of the nets ( ) = ( ) so as to obtain ( ) from

lemma 4 and ( ) ( ) from the induction hyp othesis. Note that, for every

in we have ( ) .

The collection of all the elementary cells generated in the two phases is . The elementary cells

in satisfy inv ariants I and I I. The -cells pro duced in the two phases are organized in a two-level

search tree. The search trees on -cells built in phase (1) (resp. (2)) will b e called Q-trees (resp.

P-trees). The search tree built on the sequence is used as sketched in the intro duction to

test whether a query p oint is incident to any simplex in . The main issues are the time sp ent

in the construction and the size of the search tree.

T o simplify the notation we set ( ) = max ( ) ( ) . W e denote with the total numb er

of vertices in the arrangement of the set of simplices which are incident to at least of the

( 1) simplice s in ; clearly we have . W e denote with absolute multiplicative

constants which may dep end on . W e obtain a b ound on by summing the numb er of new

-cells generated in one iteration of the algorithm for all the -cells in . W e use Lemma 2 to

b ound the numb er of -cells obtained at each iteration of the algorithm.

Lemm a 5

− −

− −

−

− k k

k k

k

k

1 1

1 1

1

1

0

∑ ∑

∑ ∑

∑

∑

( )

( )

( )

( )

| | ≤

≤

| |

| | ≤ | |

| |

| | ≤

−

⌊ ⌋ ≤

≤

≥

≤ | | ≤

| | ≤

∈

− −

∈

− − ′ ′

∈

−

∈

− − − ′ ′

∈

− − ′ ′

∈

′ ′ −

−

−

−

−

−

−

−

−

−

, wher e and ar e c onstants with r esp e ct to ,

and .

Pr o of.

k

s C d d

s C d d

k

s C d d k d

s C d d k d

s C d d k d k d

s C d

k d d

k k d d d k d

d

k

k k d ϵ

d k d

k d k d ϵ

r

k d k d ϵ

k d k d ϵ

k k d ϵ

k d k d

1

1

0

1

0 2

2

0

2

0

0

3

1

0

0

0

0 4

2

0

1

0

0

0

1

5

1

0

0

0

0

0

0

1

1

6

1

0

0 1

0

0

( 1)

0

1

0

( 1+ )

0 0

0

( 1+ )

0

0

( 1+ )

0

0

( 1+ )

0

( 1+ )

0

0

C c ρ s ρ s v R s , s c ρ s ρ s v R s , s

ρ s r

Q s P s C

c r r r r /n v Q s , s c r r r r /n v P s , s .

c r r r r /n v Q s , s r r /n v P s , s .

v P s , s O n

k

C c r r C r r K /n r r .

C n K

C D r F K /n r F D k n

K

k

K / n

d r r

k / ϵ n

d

/K .

k k k k

K / n

d r r

k > k

K / n

d r r .

k k C D r D

k > k C F K /n r F

[ ( ) log ( ) + ( ( ) )] + [ ( ) log ( ) + ( ( ) )] (1)

W e apply the observ ation after Lemma 2, the observ ation that always ( ) and the induction

hyp othesis on the size of ( ) and ( ), thus obtaining a new expression b ounding :

[ log +( log ) ( ( ) )]+ [ log +( log ) ( ( ) )]

(2)

W e rearrange the summations and subsume smaller terms under larger ones:

[ log + ( log ) ( ( ) ) + ( log ) ( ( ) ))] (3)

Finally

, noticing that ( ( ) ) = ( ), we obtain the following recursive inequali ty

in the v ariable :

[ (log ) + (log )( ) + (log )] (4)

In the next lemma we solve the recursion 4 and we find a b ound on in terms of and .

+ ( )

Let us define a v alue

~

such that:

( ) = (5)

That is:

~

= (1 (1 )) log ( ))

Let

¯

=

~

. Note that for

¯

( ) (6)

while for

¯

( ) (7)

W e will show that for

¯

equation 4 has solution for a constant . W e

will show that for

¯

equation 4 has solution ( ) for a constant . Notice

Case (1).

Case (2). .

−

−

−

− − −

−

− −

−

−

−

−

−

−

− −

−

−

−

−

−

− −

−

− −

−

−

≤ ≤ | | ≤

∅ | |

| | ≤

≤

≤

| | ≤

≤

| | ≤

| | ≤ ≤

| | ≤ | |

≤

| | ≤

≤ d

k k d ϵ

d

k

k d ϵ d ϵ k d ϵ

k d d d k d

d

d ϵ k d ϵ

k d d d k d

d

d k d k d ϵ

k d ϵ d d k d ϵ

d ϵ d d

k d k d

k

k d d k d ϵ

k d d d k d

d d d k

k d d

k k d d d k d

d

d d d k d

k d d d k d

d

k d k d ϵ

d k d

k d d d d k d

d d d

( 1+ )

0

0 0

1

6

1+

0

0

0

( 1)( 1+ )

0 0

0

( 1)

0

1

0

6 0

0

( 1+ )

0 0

0

( 1)

0

1

0

0

( 1+ )

0

7 0

0

0

1

0

( 1+ )

0

0

7 0

0

0

1

0

0

¯

¯

+1

6 0

1

0

¯

( 1+ )

0

¯

0

0

¯

( 1)

0

1

0

(

¯

+1)

0

0

6

1

0

0 1

0

0

( 1)

0

1

0

6

0

0 0

( 1)

0 0

0

( 1)

0

1

0

( 1)

0

( 1+ )

0 0

8 0 0 0

1

0

0

0

8 0 0 0

1

0 k K /n

k k C D r k

C E , U, C

C

C c r r D /r r r r K /n r r

c r D /r r r r K /n r r .

k k K /n r O r

C c r D /r r r r .

r ϵ D

c r D /r r r D

k > k C F K /n r

k k C

C c r D r r r r K /n r r F K /n r

F r D ϵ

C c r r C r r K /n r r

c r r F /r K /n r r r K /n r r .

k > k r < r O K /n r

C c r F /r r r K /n r

F r

c r F /r r r F that the equation 4 is a recursive equation on a function of , thus the term is treated like a

constant during the solution of the recurrence.

0

¯

. W e prove the b ound by induction. F or = 0 the b ound

is trivially true since = ( ) and = 1. Otherwise we inductivel y assume the b ound

holds for :

[ (log ) (1 ) + (log )( ) + (log )]

[(log ) (1 ) + (log )( ) + (log )]

Since

¯

we have ( ) = ( ), thus:

[(log ) (1 ) + (log ) + (log )] (8)

Cho osing in dep enden ce on , and large enough we can make sure that:

[(log ) (1 ) + (log ) + (log )]

and therefore we prove the b ound.

¯

W e prove by induction a b ound ( ) . The base case is for

=

¯

+ 1. By using the b ound of case (1) for within equation 4 we obtain easily a b ound:

[(log ) + (log )( ) + (log )] ( )

for a constant dep endi ng on , and . Let us assume the b ound holds inductively:

[ (log ) + (log )( ) + (log )]

[ (log ) (1 )( ) + (log )( ) + (log )]

Since

¯

inequali ty 7 holds and we have = (( ) ), therefore:

[(log ) (1 ) + (log ) + (log )]( ) (9)

Cho osing and large enough we have:

[(log ) (1 ) + (log ) + (log )]

and the b ound is proved.

0

∑ ∑

∑ ∑

−

−

−

−

−

− −

−

−

− −

| | ≤

−

| | ≤

≤ −

A

−

A r

l

k k l

k k d ϵ

d k d

d ϵ d

l d ϵ

d ld d ϵ

l

k k

k l

k k k d ϵ

d k d

l d ϵ

d l d

d ϵ

l

d

d ϵ d ϵ

=0 =0

( 1+ )

0 0

1+

0 0

( 1+ )

0 0

1+

=0

0

0

=0

0

0

( 1+ )

0 0

0

( 2+ )

0

( 1)

0

1+

0 1

2

1

1+ 1+

2

3.4.1 Storage and prepro cessing time b ounds

3.4.2 Query time for incidence queries

Theorem 1 k l n

C D r F K /n r

r r

O D r F K /n r O n K

d

d

nr /r C nr /r D r F K /n r

O nr D r F K /n r O n K

C , C , .., C

q

s q

s

O n

T h

h

T h O n T h

T O

T n O n

U O n K

U n d d

O n K O n K K

U O n

U

Given a set of p ossibly interse cting -simplic es in -sp ac e we c an build a

data structur e of size deterministic al ly in time , wher e is the

c omplexity of the arr angement . Afterwar ds we c an determine in time whether a

query p oint is incident to a simplex in .

W e continue the construction until reaches the v alue = log . The total numb er of elementary

cells is:

[ + ( ) ] (10)

This is a summation of geometric series of ratio and , which is prop ortional to the last

term of the series. Thus we have a b ound ( + 2 ( ) ) = ( + ) on the

size of the search tree. The time sp ent on each -cell in the search tree is linear in the numb er of

( 1)-simplices intersecting it by Lemma 3. So we have a b ound:

( ) ( )[ + ( ) ] (11)

By simple manipulations and using the previous observ ation on the sum of geometric series we

obtain an upp er b ound (( )[ + ( ) ]) which is ( + ).

W e organize the sets as levels of a two-layer search tree where the P-tree is the primary

structure and the Q-tree is the secondary one. Given the query p oint we search exhaustively an

elementary cell at the ro ot of our search data structure which contains in its closure. Then we

continue the search recursively in the P-tree and the Q-tree ro oted at . On the Q-trees the search

visits a single path of logarithmic depth. Therefore we have a total cost (log ) for searching a

Q-tree. The query on a P-tree is solved recursively

. If ( ) is the time needed to solve the query

starting from a no de at height , we have that:

( ) (log ) + ( 1)

(1) = (1)

Thus (log ) = (log ).

Since the total numb er of cells of any dimension in the arrangement ( ) is ( + ) we

have the following theorem:

( 1)

( + ) ( + )

( ) (log )

2

∑ ∑

Theorem 2

∈ ∈

⊂

−

| |

∈ ∈ ⊂

≤ −

| | ≤

≤

≤

−

A

−

⌊ ⌋

−

⌊ ⌋ ⌊ ⌋

−

⌊ ⌋

− −⌊ ⌋ −⌊ ⌋

− −

− − k k

d/

k k

l

k k d/

k l

k k d/ k d ϵ

d k d

d/ l d d/ ϵ

d l d d/

d d ϵ d ϵ

d ϵ d ϵ

3.5 V ertical ra y-sho oting in arrangemen t of simplices

1

2 2

1

2

2

2

3

=0

2

0 0

2

=0

2

0 0

2

( 1+ )

0 0

2

0

2

( 1 2 + )

0

( 2 )

0

0

1+ 1+

1+ 1+

3

W e could use the metho d in [AM92] but doing so we would add an extra logarithmi c factor to the query time s C σ C

σ s σ

d Q s /Q σ σ

O Q s σ

s C σ C σ s σ

s σ

q σ P s

q P σ q Q σ

q

O n

O n

s

O n

O n

T h h

T h O n T h

T O

T n O n

nr /r C nr /r D r F K /n r

nr D r F K /n r

r D n F K O n K

U n d d

O n K O n K K

U

O n

Given a set of p ossibly interse cting -simplic es in -sp ac e we c an build a

data structur e of size deterministic al ly in time , wher e is the

c omplexity of the arr angement . Afterwar ds we c an solve vertic al r ay-sho oting queries in time

In order to solve the vertical ray-sho oting problem we add auxiliary data structures to the search

tree built previously

. Let us discuss Q-trees first. W e consider cells and such that

and is obtained by phase (2) of the algorithm. W e determine during prepro cessing the

subset of ( 1)-simplices in ( ) ( ) which lies b elow . W e can extend the simplice s of this

subset into full hyp erplanes and build a data structure for general ray-sho oting in convex p olytop es

of size roughly ( ( ) ) [Sch92] . This data structure is asso ciated with .

Let us consider now the P-trees. W e consider cells and such that and

is obtained by phase (1) of the algorithm. Note that b oth and in this case are vertical infinite

cylinders. F rom this it follows that if a query p oint is in then the simplex in ( ) immediately

b elow is either the simplex in ( ) immediately b elow or the simplex in ( ) immediately

b elow . V ertical ray sho oting queries are solved by recursive calls on P-trees and by using the

auxiliary data structures on Q-trees. On Q-trees the search path visits (log ) no des and at each

no de (log ) time is sp ent querying the data structure in [Sch92].

The query time for the recursion on the Q-trees ro oted at a simplex has an additional loga-

rithmic factor thus we obtain a time (log ) for one partial query

. The query time satisfies the

same equation as b efore with an additional (log ) term due to the queries on the auxiliary data

structures. If ( ) is the time needed to solve the query starting from a no de at height , we have

that:

( ) (log ) + ( 1)

(1) = (1)

Thus (log ) = (log ). The time needed to construct the data structure is b ounded by:

( ) ( ) [ + ( ) ]

2( ) [ + ( ) ]

2 ( + ) = ( + )

The ab ove discussion proves the following theorem:

( 1)

( + ) ( + )

( )

(log )

1

−

∑ d d

k

j j

d k

d

Definition 8

4.1 Definitions

A

A

−

≤ A

− −

− −

−

−

−

−

∪ ∪

4 P oin t Lo cation among simplices

U

U

d p

U n d E E d

d k k < d U

U U

k k , .., d

d k d k d U

k

i , ..., i d d i

U

k

U k d k

f

k d k

f f , r r

f d f , E d

k k

d k

f , r k d C f C k d f k

C f r f C f

k f d C

C f r

-flap

outer -fac es

inner -fac es

side

A side is a -b or der of a -c el l if either and , or, is -fac e

on the b oundary of and some op en neighb ourho o d of in is c ontaine d in .

In this section we tackle the general p oint lo cation problem by using the solution to the vertical

ray-sho oting problem as a subroutine. W e enco de the facial structure of ( ) in a sequence of sets

of graphs. The final graph will have no des for each face of ( ) and each no de will have a lab el

indicating the -dimensional cell having this face at its b oundary . F or a query p oint we retrieve

at query time the lab els asso ciated with the faces containing it.

In the following discussion we will have to deal with the fact that a face is incide nt to more

than one cell and therefore we must consider the role of the several “sides” of a face. The main idea

is to walk along the b oundary of cells and describ e such b oundary as an incidence graph of lower

dimensional cells. W e use ray-sho oting in order to join “islands” of the b oundary of a cell that

cannot b e reached by the simple walking pro cedure. If we think of this problem on the plane with

a set of segments, it is clear that we can describ e the b oundary of a cell by walking clo ckwise on

the connected parts of its b oundary

. What follows is a generalization of this walking and jumping

idea to higher dimensional spaces.

First we give additional definitions that lay the groundwork for the main result. The terminology

and the concepts used are consistent with those intro duced in [AS92].

A set of ( 1)-simplices in decomp oses into op en cells of dimension (also called

-faces) and into relatively op en cells of dimension , for 0 . Let ( ) b e the collection of

cells of any dimension induced by . W e assume that the simplices in are in general p osition,

meaning that any of them (for = 2 ) intersect, if at all, in a p olytop e of dimension at most

. This intersection is called a ( ) in [AS92]. W e assume that + 1 simplices in do

not have a p oint in common. W e assume also that the intersection of any collection of op en faces

of dimensions is either empty or is a p olytop e of dimension ( ). A p erturbation

argument shows that the maximum size of the quantities of interest is attained by a set in general

p osition. W e distinguish which are contained in the relative b oundary of a simplex in

and which are contained exactly in the interior of simplices and avoid their

relative b oundary . W e distinguish b etween different sides of an (inner or outer) face. Let b e an

inner -face contained in the relative interior of simplice s. The hyp erplanes spanning these

simplices divide space into 2 op en regions. A of is a pair ( ) where is one of these

regions. If is a -cell then it has only one side, namely ( ). Notice that a ( 1)-face has

two sides. Similar definitions hold for the outer -faces with the difference that outer -faces are

contained in fewer than simplice s.

( ) = =

Intuitively the concept of -b order captures the fact that is on the b oundary of a -cell and

that is on the same side of as .

( )

( )

( )

( ) ( )

2

2

2

1

( 1)

1

( 1)

′ ′

−

−

− −

−

−

−

−

−

− −

4.2 The pre-pro cessing algorithm

d

U

d

β

β

β β β

β j

U

d j

β γ

j

U

d j

γ

j

d k

d j d k

d j

F or a -b or der of is a p air of b or ders of of

dimensions and such that and .

≤ ≤

⊂ ⊂

A

B −

B

{ ∩ | ∈ }

A

−

∈ B

∈ B ∈

{ ∩ | ∈ }

−

A − −

− −

{ ∈ | ⊂ }

B { ∈ B | ⊂

} | | |B | ∈

− −

B

B { ∈ B | ⊂ }

|B | −

B k i < d k , i C f , R , g , Q C

k i f g R Q

G U k U k f , R

g , Q G U f , R , g , Q k , i

G U k d C

k d C C C

G U U E

j , .., d j

j

j j d

G U j

d U β

q β β q β

U s q β s U /β q β

O n n K

K U G U

k

j j >

j

G U β

U G U

γ γ

U s q γ s U /γ q γ q γ

j U

q γ G

k f U d k U d k

d j q γ f j k

f q γ f γ f q γ

f j f β f

q β f f γ f

d j f j k

f β f

f , γ β f q β q γ

β γ f , γ j k

k G

k G

0 ( ) (( ) ( ))

¯

Let ( ) b e a graph whose no des are -b orders of ( ), for all v alues of . Two no des ( ) and

( ) are connected by an edge in ( ) if (( ) ( )) is a ( )-b order. W e aim at generating

a lab elli ng of the no des of ( ) such that all the -b orders of a same -cell have the same lab el

and this lab el is different from the lab el of -b orders of -cell , if = .

The construction of the lab ell ed graph ( ) for in is done in phases which are denoted with

an index = 2 . At the end of phase we have a set of lab ell ed incidence graphs where each

graph corresp onds to an arrangement of simplice s in dimension . W e use this information to build

a set of graphs of arrangements in dimension + 1. The output of the last phase for = represents

our lab elled graph ( ). T o start our construction let us consider dimension = 2 which is our

base case. W e compute the collection = of all of ( 2)-subsets of . Let b e an element

of and ( ) b e the 2-flap which is the intersection of the simplices in . If ( ) is not empty ,

we build the planar arrangement of the segments = ( ) on ( ). Using the

metho d of [CE92] we can construct explici tly such in arrangement in time ( log + ), where

is the numb er of vertices in ( ). Within the same time we can compute the graph ( )

and lab el its -b orders with the name of the b ordering cell. Moreover we can add standard planar

p oint lo cation data structures so to b e able to lo cate a 0-b order of the 2-cell containing a query

p oint.

W e have established the result for = 2, now we assume 2 and we assume inductively that

we have computed the relev ant data structure for ( 1). More precisely

, we have the lab ell ed

graphs ( ) for all = , and also the p oint-lo cation/vertical ray-sho oting data

structures for all sets . W e shall use this information to construct the graphs ( ), where

Γ = = . Consider a particular Γ, we aim to construct the incide nce graph over

the set of simplic es = ( ) on ( ). The relative b oundary of ( ) is formed by

1 simplices and we can assume inductively that we know the arrangement induced by on the

facets of ( ) and the corresp onding graphs incidence .

An inner -face in ( ) is contained in simplic es of . W e can split these simplices

into two groups: of them define a flat ( ) to which b elongs; the remaining simplices

define the affine span of within ( ). W e denote with Γ( ) = Γ ( ) , the subset of

elements of Γ containing in their corresp onding -flap. Similarly we define ( ) =

( ) . F rom the previous observ ation Γ( ) = and ( ) = . Fixing a Γ( ) is

equiv alent to fixing simplice s incident to , thus we can cho ose any one of the remaining

simplices incide nt to to define a set in ( ). W e have therefore the following set:

( ) = ( ) ( ) ( )

representing the ’s which contribute to . The cardinality of this set is ( ) = .

The main idea is to use the regions of the -b orders in graphs ( ) to build the regions of

-b orders in graphs in (Γ). First we must establish with a counting argument that indeed we

1

1

−

− − −

′ ′

A

−

∈ B ∈

∈ B −

∈ B

− −

∈ B

−

−

A

A

A

A

A ∩ γ j k

γ

β

γ

β

β

j k j k

γ

β γ

γ

i

γ

γ

γ γ

γ

γ

γ

γ

γ k

d

Relab elli ng Step I

Relab elli ng Step I I

Lemm a 6 fac ets

The identifiers of the c onne cte d c omp onents of ar e unique lab els for the -c el ls

in .

Pr o of.

f

U k G U k

j k k f G U

β f , γ G U γ

G β j

q γ

k f G U β f , γ

j k j k .

k f G U

k f G U β f , γ G U

j k k G U

j

G U

U

j

U k G U C j

U

LG γ G U

LG γ

LG γ LG γ

q γ

C

j C q γ q γ U

B C G γ

LG γ u

u B C G γ q γ u u

B C G γ

B C G γ

B C G γ j

U

U

d B U C j

U B B , ..., B C C

E have enough no des from lower dimensional graphs to carry out the construction. One face in

( ) corresp onds to 2 -b orders in ( ) and each such -b order has asso ciated a region

delimited by ( ) facets. These facets are regions of -b orders of in the set of graphs ( )

for ( ). In order to construct ( ) for all Γ we pro ceed in the following way: we

duplicate every no de in every for . This op eration reflects the fact that every ( 1)-cell

has 2 sides in the new space ( ). Consequently every lab el is split into a p ositive and a negative

lab el. The total numb er of -b orders of a face in graphs ( ) for ( ) b ecomes:

2[2 ( )] = ( )[2 ]

Now the algorithm is easy: we build the regions of -b orders of in ( ) by taking the regions

of -b orders of in ( ) for ( ) as . W e asso ciate to the no des in ( ) an initial

lab elli ng using the ( ) lab els of the facets of the region of each -b order in ( ). W e recall

that the lab els we are using are just names of ( 1)-cells. At this stage we have an initial lab ell ed

graph ( ) with a lab ell in g consistent with the information we obtain from lower dimensional

graphs. On the other hand this initial lab elli ng is such that a single cell in ( ) do es not have

yet a unique identifier. The next phase of the algorithm finds a unique identifier for every -cell

of ( ) and up dates corresp ondingly the lab els of the -b orders in ( ). Let b e a -cell in

( ).

1. . W e build a lab el graph ( ) whose no des are no des of ( ). W e

place an edge b etween two no des of ( ) if and only if the two initial lab els of the no des

have not empty intersection. Then we run a standard connected comp onent algorithm on

( ) [AHU74]. During the visit of the graph ( ) we also compute for each connected

comp onent of the graph the lowest p oint in the vertical direction of the space ( ). At the

end of this phase every path-connected comp onent of the b oundary of has a unique lab el.

2. . Now we pro ceed to identify the several connected comp onents of the

b oundary of a -cell on ( ). W e build in ( ) for the vertical ray-sho oting data structure

describ ed in Section 3. W e build a a graph of b oundary comp onents ( ) whose no des

are the connected comp onents of the graph ( ). W e connect with an arc two no des and

in ( ) if, sho oting in ( ) from the lowest p oint of , we reach a p oint on .

Afterwards we find the connected comp onents of ( ) using standard graph-searching

algorithms. The next lemma states that the final lab elli ng obtained from the connected

comp onents of the graph ( ) satisfies the uniqueness prop erty .

( )

( )

In order to simplify the argument we assume that all the simplic es in are b ounded

and we consider a solid compact -ball containing in its interior. Let b e a non-empty -cell

of ( ) and the connected comp onents of the b oundary of . Cell is b ounded

and in particular at least one b oundary comp onent is a regular b oundary as defined in [Ale56, page

41] i.e. a set which separates into two domains. Moreover, one of these two domains is b ounded

′ downwar d k

i i

i

d

γ

γ

γ γ

k

i i

i i

i i i

k

⊆

⊆

⊂ ⊆ ⊂

⊂ \

∩ ∅ ∅

A

A A

−

− −

−

− B

∈

A

4.3 P oin t lo cation pro cedure

1

1 2

1 2 1 2

1

2 1 2 1

2

2 1 2 1 1

2 1 2 2 1

1 2

1 1 2

2 1 2

1 2 1

2 1 2

1 2

1 2

1

1 2

+1

+1

1

1 1 2 2

1 2 1 2

1 2

B C G γ

B , .., B

B B C

B

B B

D D B B

B

B B B C D

C D

D D C D D B C

B B B D E D

D D C

C

B C G γ

B C B

C B , B B C G U

B B U C

C C C j U

B C G γ

U B C G γ j U

p p B j C

B C p p

j B F , ..., F

j p p f j F

F F

j f C F , F

LG γ F F LG γ

p F p F

B B B B

j G F F

LG γ

B C G γ

LG γ G γ G γ

j d G U

U

V RS U p s U

p p s s

U d p and the other is unb ounded. The pro cedure for linki ng no des in the graph ( ) pro duces a

partial order among the no des . W e show that there cannot b e two b ottom elements in

this partial order.

If is not a regular b oundary

, then the vertical ray from the lowest p oint of is within

and will intersect another b oundary comp onent. Therefore cannot b e a b ottom element of the

partial order. Let us assume by contradiction that we have two regular b oundaries and , with

asso ciated b ounded domains and , such that and are b oth b ottom elements of the

partial order. If this is the case then the vertical ray from the lowest p oint of (resp.

) is in the unb ounded domain defined by (resp. ). Therefore, we have that and

. Now we have two main cases to consider since the other cases lead easily to contradictions.

Case 1. , from which . But then cannot b e on the b oundary of unless

it is a subset of . Since and are disjoint we have a contradiction. Case 2. .

In this case = and therefore = , which is a contradiction. F rom the ab ove discussion

it follows that all the b oundary comp onents of a cell are includ ed in the same comp onent of the

graph ( ).

Now we assume that is a b oundary comp onent of and is a b oundary comp onent of

and ( ) is an arc in ( ). If so is the case there is a vertical segment which connects

and which do es not intersect any simplex in and which at the extremes b elongs to and

. It follows that and are path connected and therefore they are the same -cell of ( ).

W e have proved that if the no des of ( ) are the b oundary connected comp onents of cells in

( ) then the connected comp onents of ( ) are in 1-1 corresp ondence with -cells of ( ).

Now, let and b e two p oints on a connected comp onent of the b oundary of a -cell .

Then there is a continuous path contained in and in that has and as extremes. W e can

reduce this path so that it visits each ( 1)-face of at most once. Let b e the sequence

of ( 1)-faces of a path connecting and , and let b e the ( 2)-face shared by and

. Assuming by induction on the dimension that we have a unique lab el for the faces , we

have that the initial lab elli ng of the ( 2)-b order of is ( ). Therefore if we build the

graph ( ) there will b e a path connecting and in ( ).

On the other hand, if on face and on face b elong to different b oundary comp onents

and , then any path b etween and will have at least on p oint which do es not b elong

to any ( 1)-b order in the graphs ( ). Therefore the faces and are not connected by any

path in ( ).

Once we have defined the lab els, these are propagated from the graph ( ) to the graph

( ) and to ( ) and recursively to the lower-dimensional graphs which contribute to ( ). W e

stop the construction when = and the final ob ject is a single graph ( ) with a prop er lab elli ng

together with a vertical ray-sho oting data structure for .

Using the data structure ( ) we can find for a query p oint the simplex immediately

b elow and also the landing p oint on . W e rep eat the vertical query pro cedure on . Eventually

we reach a vertex of ( ) whose lab el is the (unique) lab el of the -dimensional cell containing .

2

j

j

∑

∑

∑

B

B

B

B

∈ B

A

Theorem 3

Corollary 1

−

∈B

−

∈B

− −

−

∈B

− −

− −

− −

−

−

−

4.4 Time and storage analysis

1

1 1

1

1+ 1+

3

+1 3 1 3

+1 1

1+

1+

3

1 2

3

1 2

1 j d j

β

β β d

j

β j

β d

j

d

β j ϵ

β d ϵ

j

d j d

d j d

d

d ϵ

d ϵ

d

O n j O n n K

β

O n n K O n n K .

G j >

O n K O n K .

G

G O n n

K n

O n K O n K .

G O n

O n β

n O n n O n n B C G β

O n O n O n

U n E K

U ϵ > O n K

O n K n ϵ

p O n

p p

O n p p

O n n

Given a set of simplic es in , let b e the numb er of c el ls of any dimension in

. F or every , it is p ossible to build a p oint lo c ation data structur e of size

in time , wher e the c onstant of pr op ortionality dep end on , such that a unique

identifier for the c el l c ontaining a query p oint c an b e found in time .

Using the data structur e of The or em 3, given two p oints and we c an determine

in time whether ther e is a c ol lision-fr e e p ath fr om to .

The numb er of sets in is ( ). F or = 2 which is the base case, we sp end time ( log + )

for each set . So the total cost of the base step is:

( log + ) = ( log + )

The graphs ( ) for 2 have total size:

( + ) = ( + )

W e keep a dictionary of faces such that for each face we can retrieve efficiently the corresp onding

b orders and the graphs ( ) having these b orders as no des. W e can use standard data structure

with logarithmic cost p er op eration. So we b ound the time to construct (Γ) with ( log +

log ). The additional vertical ray-sho oting data structures are set up at cost:

( + ) = ( + )

The lab ell ing steps I and I I are based on Depth First Search [AHU74] and take overall time

prop ortional to the size of ( ). The ray sho oting op erations in lab ell ing step I I take (log ).

The numb er of vertical ray-sho oting queries is ( ) for each , b ecause we have always at most

comp onents. So the total cost is ( log ) = ( log ). The graphs ( ) has

only ( ) no des, therefore finding the comp onents takes total time ( ) = ( ) [AHU74].

The correctness of the algorithm has b een established in the previous section. The analysis of the

storage and prepro cessing time gives us the theorem:

( ) 0 ( + )

( + log )

(log )

W e obtain the following corollaries which exploit the p oint-lo cation data structure to solve motion

planning problems.

(log )

Since we can store spanning trees of the graphs built in the several phases of the algorithms we

can find an explici t representation of a path connecting two query p oints. The length of the path

is ( log ) as follows from the b ound in [AS92].

∑

0

−

−

−

−

−

−

′

−

′

−

5.1 The algorithm

0 0 0

1

0

0 0

1

0

1

1

0

1

0 0

1

0

0 0

0

0 0

0

1

0

0

1

5 A metho d for buildi ng triangulati ons

p artial ly c overing

ful ly c overing

p artition d

d

l

r

k k k

k

k

k

k k k d

l

l d

k

k

k

k

k

i

i i k

i i i

i i k

i

i

k

i i k

i i

i

k

i k

i

− −

\

−

− ∈

| | ≤

| | ≤

| | { ∅ }

−

− −

⌈ ⌉ ⌈ ⌉ −

−

| | ≤ −

| | − | | ≤

−

| |

−

−

− ≤ | | ≤

−

− − d

d U n d E

T U E U

C , .., C l n r C

C C C s, P s , Q s

s d P s d U s Q s

d U s s C P s

Q s

P s n/r

Q s nr /r

C C d C E C

d U

T U O C C E , U,

C k >

C

s C

s n/r d

nr /r d d Q s

s Q s r

Q s /r Q s /r d

d s i , .., r

σ s, i σ s σ s, i

σ s, i

σ Q σ nr /r d

σ P σ q d q P s n/r

d P s

σ

σ P s /r

C

σ P σ < n/r

σ d P σ

d P s, i q

d n/r P σ n/r

d

d d

σ d

In this algorithm a by a -cell we indicate a truncated vertical prism whose cross section is a

( 1)-simplex. W e are given a set of pairwise interior-disjoint ( 1)-simplices in . The

construction of the triangulation ( ) of pro ceeds in stages. W e build a sequence of sets

where = log and is a suitable constant. The basis of the construction is and

we pro ceed inductivel y from to build . The set is a collection of triples ( ( ) ( ))

where is a -cell, ( ) is the subset of ( 1)-simplices in , and ( ) is the

subset of ( 1)-simplices in . If and we will have asso ciated sets ( )

and ( ) with the inv ariant prop erties that

(I) ( ) (first inv ariant).

(I I) ( ) (second inv ariant).

is a refinement of and moreover the -cells in . At the last stage

contains only -cells intersecting a constant numb er of original simplice s in , thus we obtain a

triangulation ( ) of size ( ) by a final greedy decomp osition. The first set is = ( ) ,

which satisfies inv ariants (I) and (I I). W e assume that the two inv ariants hold for , with 0

and we show how to construct .

Let b e an elementary cell in , since the the first and second inv ariant hold by inductive

hyp othesis, is partially covered by at most ( 1)-simplices and is fully covered by at

most ( 1)-simplices. The covering ( 1)-simplices ( ) are disjoint and therefore

they are linearly ordered in the vertical direction within . W e split ( ) into at most groups of

( ) simplices each by selecting every ( ) -th ( 1)-simplex in the vertical ordering.

The selected totally covering ( 1)-simplices slice into elementary cells numb ered = 1 ,

which we denote ( ) (or whenever is clear from the context). W e also denote with ( )

the vertical pro jection of ( ).

F rom the ab ove construction each is covered by ( ) ( 1)-simplices. Each

is partially intersected by ( ) = ( 1)-simplices, where = ( ) . This

prop erty is easily proved since a partially covering ( 1)-simplex of ( ) can intersect to only one

elementary cell .

The average has a partial cover of size ( ) which is exactly what is needed to have a

v alid element of the set . T o make this averaging argument work in the worst case we pro ceed

as follows for each elementary cell . If ( ) we do nothing. Otherwise, we pro ject,

indep end ently for each cell , all the ( 2)-b oundaries of the partially covering simplices of ( )

onto a ( 1)-subspace. W e extend these sets into full hyp erplanes, obtaining a set ( ) of

hyp erplanes in ( 1)-space. Since ( ) we have the conditions for using

Lemma 1. W e build the sparse net of Lemma 1 in ( 1)-space and its triangulation. So we

generate elementary ( 1)-dimensional cells which are ( 1)-simplices. Then each such cell is

extended in the vertical direction and intersected with , thus obtaining a into truncated -prism.

k k − − 1 1

∑ ∑ ∑

∑ ∑ ∑ ∑

∑ ∑

∑ ∑ ∑

∑ ∑

∑ ∑

5.2 Analysis of the algorithm

| |

| |

| | | | ≤ | | | |

−

| | ≤

− | | | |

≤

| | ≤

≤ ≤

≤ ≤

≤

| | ≤ | |

| |

− −

−

−

−

− − ′ ′ −

∈ ∈

− − ′ ′ −

− − − −

− − − − −

− − − ′ ′

′ ′ −

− − − −

−

0 0 0

0 0

0 0

0 0 0 0 0

0 0 0

0 0

1

0

1

0 0

1 2

1

1

1

9

2 1 1

0

0 0

( ) ( )

10

2 1 1

0

2

0 0

2

0

2 2

0

1

0 0

2 1

0 0

2 1

0

0 0

0

( 1)

0

1 1

1

11 0

1

0

( 1)

11 0

1

0

2

1

11 0 i i i

i i

i

i i

i i

i i

i i k

k

k k k

k k

d

k k

k k

k i

i d

i i i d d

i i

i i i k

k

s C σ s,i i

s C σ s,i d

i i i d d

i i

i d

i

i i i d d d

i d

i i

i i d d

i i d d

i i k

s i k d d d

s i d

k d k d d d

k

k ρ q /ρ P s /r

ρ q r / P s

ρ r

ρ q r / P s r / P s q r P s / P s r .

η d η

P η q /ρ P s /r n/r η C

d Q η Q s /r P s n/r n/r nr /r

η Q η η

η η C C

E C C

C C

s C A s

d σ s, i

A s c ρ ρ /q v P s, i , σ s, i ρ /ρ .

ρ ρ ρ C

C A s c ρ ρ /q v P s, i , σ s, i ρ /ρ .

ρ ρ ρ r r

ρ /ρ ρ ρ r r .

ρ /q r r /n

r r /n v P s, i , σ s, i .

v P s, i , σ s, i O n

C c r r c r r C ,

c r

C k

W e cho ose as parameter of the sparse net construction a numb er such that = ( ) ,

and thus = ( ) . The interesting prop erty we use in the analysis is that the sum of the

’s is less than :

= ( ) = ( ) ( ) ( ) =

Let b e a cell so obtained. W e have that the numb er of ( 1)-simplices partially covering is

( ) = ( ) = (Lemma 4), thus satisfies the first inv ariant of . The numb er

of ( 1)-simplices in ( ) is at most ( ) + ( ) thus is at most + = 2 .

W e take and use the median simplex in the vertical ordering of ( ) to split into two cells

and which satisfy b oth inv ariants for . Collecting all of these cells we have which is a

partition of . This is the end of the algorithm that builds starting from .

W e now derive a recursive equation linking the size of with the size of by summing the

numb er of new cells pro duced by the algorithm for each cell in . Let ( ) b e the numb er

of -dimensional cells generated within ( ) in one phase of the algorithm. Using the b ound of

Lemma 2, the numb er of cells obtained is:

( ) [ + ( ) ( ( ) ( )) + ]

where = log . Thus the total numb er of cells in is b ounded by:

2 ( ) = [ + ( ) ( ( ) ( )) + ]

Bounding terms of the summation separately we have:

( log ) log

and

(( ) )(log ( )) log

Since (log ) we obtain a term

( (log ) ) ( ( ) ( ))

Since ( ( ) ( )) = ( ) we obtain the following recursive inequality:

(log ) + (log )

for a constant which is indep ende nt of . In the next lemma we solve the recurrence obtaining

a b ound for as a function of .

∑ ∑

∑

6 Conclusions

Lemm a 7

Theorem 4

Corollary 2

−

−

− − − − − −

− − − −

− −

− −

−

− −

− − −

− −

| | ≤

∅ | | ≤ ≥

| |

| | ≤ ≤

≤

≤

| | ≤ ≤

| |

| | ≤

− ≥

≥

≥ k k d

d

k

k d k d d d k d

d k d d k d

d d

k

d d

l

k k l

k k d

l d d

i

l

k k k

k l d d d

d d

d

d

0

( 1)

0 0

1

11 0

1

0

( 1)

11 0

1

0

2

0

( 1)( 1)

11 0

1

0

( 1)

11 0

1

0 0

( 1)

0 11 0

1

11 0

1

0

1

0

1

=0 =0

( 1)

0

0

( 1) 1

0

=0

0 0

2

0 0

2

0

( 2) 2 1

1 1

C D r D k

k k C E , U, C D D

C

C c r r c D r r r

c r r c D r /r r

r D c r c D r /r D

C

r > O n

C D r D r O n .

C

O r Q s

s

n/r nr /r C r D nr O nn O n

U n d d d

T U O n O n

T U

p O n

O n T U p

U p

E d

E d for a c onstant , indep endent of .

Pr o of.

Give a set of p airwise interior-disjoint -simplic es in -sp ac e with

we c an build deterministic al ly a triangulation of size in time .

We c an find in time the c el ls of c ontaining a query p oint and the

simplex in imme diately b elow .

W e use an induction on . F or = 0, = ( ) so ,for 1. Inductively

we assume the b ound on .

(log ) + (log )

(log ) + ( (log ) )

Cho osing and large enough we can make sure that (log ) + (log )

and thus the b ound is proved.

The total numb er of cells in the sequence of sets is a summation of a geometric sequence of

ratio 1 so its v alue is prop ortional to the last term, which is ( ).

2 = ( )

What is the time to compute all of the ’s? The sparse nets are computed in time linear in the

numb er of simplices partially covering the elementary cells by Lemma 3. The slicing hyp erplanes

are found by rep eated applications of a selection algorithm in time ( ( ) ) for any elementary

cell . Thus we have running time:

(( ) + ( )) 2(1 + ) = ( ) = ( )

The ab ove discussion proves the following theorem:

( 1) 3

( ) ( ) ( )

F ollowing the tree structure of the triangulation we can lo cate the cells in ( ) containing a

query p oint in time (log ).

(log ) ( )

In this pap er we have presented algorithms for solving p oint lo cation and motion planning queries

in arrangements of simplices in , for any fixed 2. The prepro cessing time and storage b ounds

dep end explici tly on the complexity of the arrangement induced by the simplice s. This feature is

imp ortant in order to exploit the “sparsity” of arrangements which are obtained, for example, in

motion planning and visibil ity applications. F or sets of interior-disjoint simplices in , with 3,

we improve b ounds for buildi ng triangulations and we obtain a fast p oint lo cation metho ds as well.

7 Ac kno wledgmen ts

References

The Design and Analysis of Computer

Algorithms

Combinatorial T op olo gy

Pr o c e e dings of

the 24th Annual ACM Symp osium on The ory of Computing

Combinatoric a

Pr o c e e dings of the 8th ACM

Symp osium on Computational Ge ometry

Pr o c e e dings of the 9th ACM Symp osium

on Computational Ge ometry

The Complexity of R ob ot Motion Planning

Journal of the ACM

Computational Ge ometry: The ory and Applic ations

SIAM J. on Computing

A dvanc es in R ob otics, V ol.

1: Algorithmic and Ge ometric Asp e cts of R ob otics

Discr ete & Computational

Ge ometry

I wish to thank Bruno Co denotti and Nina Amenta for their observ ations on an early draft and

the referees for their useful comments.

[AHU74] A.V. Aho, J.E. Hop croft, and J.D. Ullman.

. Addison-W esley

, 1974.

[Ale56] P

.S. Alexandrov. . Graylo ck Press, Ro chester N.Y., 1956.

[AM92] P

.K. Agarwal and J. Matou ˇ sek. Ray sho oting and parametric search. In

, pages 517–526, 1992.

[AS90] B. Aronov and M. Sharir. T riangles in space or buildin g (and analyzing) castles in the

air. , 10(2):137–173, 1990.

[AS92] B. Aronov and M. Sharir. Castles in the air revisited. In

, pages 146–256, 1992.

[Ber93] M. Bern. Compatible tetrahedralizations. In

, pages 281–288, 1993.

[Can87] J. Canny

. . MIT Press, Cambridge, MA,

1987.

[CE92] B. Chazelle and H. Edelsbrunner. An optimal algorithm for intersecting line segments

in the plane. , 39(1):1–54, 1992.

[CEGS89] B. Chazelle, H. Edelsbrunner, L. Guibas, and M. Sharir. Algorithms for bichromatic

line segment problems and p olyhedral terrains. Rep ort UIUCDCS-R-90-1578, Dept.

Comput. Sci., Univ. Illi nois, Urbana, IL, 1989.

[CF92] B. Chazelle and J. F riedman. Point lo cation among hyp erplanes and vertical ray-

sho oting. , 1992. T o app ear.

[Cha84] B. Chazelle. Convex partitions of p olyhedra: a lower b ound and worst-case optimal

algorithm. , 13(3):488–507, 1984.

[Cha87] B. Chazelle. Approximation and decomp osition of shap es. In

, pages 145–185. Lawrence Erlbaum

Asso ciates, 1987.

[Cha93] B. Chazelle. Cutting hyp erplanes for divide and conquer.

, 9:145–158, 1993.

Dis-

cr ete & Computational Ge ometry

Journal of Algorithms

Pr o c e e dings of the 10h ACM Symp osium on Computational Ge ometry

Algorithms in Combinatorial Ge ometry

SIAM Journal of Computing

Pr o c.

23r d Annu. ACM Symp os. The ory Comput.

SIAM Journal of Computing

R ob ot Motion Planning

SIAM Journal of Computing

SIAM Journal

of Computing

Discr ete Comput. Ge om.

Pr o c e e dings of the

8th ACM Symp osium on Computational Ge ometry

Computational Ge ometry:

The ory and Applic ations

Multidimensional Se ar ching and Computational Ge ometry

Pr o-

c e e dings of the 23r d Annual ACM Symp osium on The ory of Computing

SIAM Journal of Computing

Computational Ge ometry: an Intr o duction

[Cla87] K.L. Clarkson. New applications of random sampling in computational geometry .

, 2:195–222, 1987.

[Col86] R. Cole. Searching and storing similar lists. , (7):202–220, 1986.

[dBGH94] M. de Berg, L. Guibas, and D. Hap erin. V ertical decomp ositions for triangles in 3-space.

In , 1994.

[Ede87] H. Edelsbrunner. . Springer V erlag, 1987.

[EGS86] H. Edelsbrunner, L. Guibas, and J. Stolfi. Optimal p oint lo cation in a monotone sub-

division. , (15):317–339, 1986.

[GT91] M. Go o drich and R. T amassia. Dynamic trees and dynamic p oint lo cation. In

, pages 523–533, 1991.

[Kir83] D. Kirkpatrick. Optimal search in planar sub divi sion. ,

(12):28–35, 1983.

[Lat91] J.-C. Latomb e. . Kluwer Academic Publisher, 1991.

[LP77] D. Lee and F. Preparata. Lo cation of a p oint in a planar sub divisi on and its applications.

, (6):594–606, 1977.

[L T80] R. Lipton and R.E. T arjan. Applications of a planar separator theorem.

, (9):614–627, 1980.

[Mat91] J. Matou ˇ sek. Cutting hyp erplane arrangements. , 6:385–406,

1991.

[Mat92] J. Matou ˇ sek. Range searching with efficient hierarchical cuttings. In

, pages 276–285, 1992.

[Mat93] J. Matou ˇ sek. On vertical ray sho oting in arrangements.

, 2:279–285, 1993.

[Meh84] K. Mehlhorn. , chapter 2.

Springer V erlag, 1984.

[Mul91] K. Mulmuley

. Hidden surface remov al with resp ect to a moving view p oint. In

, pages 512–522,

1991.

[Pre81] F. Preparata. A new approach to planar p oint lo cation. ,

(10):473–482, 1981.

[PS85] F.P

. Preparata and M.I. Shamos. . Springer

V erlag, 1985.

Pr o c e e dings of the 29th IEEE Symp osium on

F oundations of Computer Scienc e

Pr o c e e dings of the

1989 Workshop on Algorithms and Data Structur es

Discr ete & Computational Ge ometry

Pr o c e e dings of the 8th ACM

Symp osium on Computational Ge ometry

A dv. in Appl. Math

Ge ometric R e asoning

Handb o ok of The or etic al Computer Scienc e

Comm.

ACM

[PT88] F. Preparata and R. T amassia. F ully dynamic techniques for p oint lo cation and tran-

sitive closure in planar structures. In

, pages 558–567, 1988.

[PT89] F. Preparata and R. T amassia. Efficient spatial p oint lo cation. In

, pages 3–11, 1989.

[PY90] M.S. Paterson and F.F. Y ao. Efficient binary space partitions for hidden surface remov al

and solid mo deling. , 5:485–503, 1990.

[Sch92] O. Schwarzkopf. Ray-sho oting in convex p olytop es. In

, pages 286–295, 1992.

[SS83] J.T. Schwartz and M. Sharir. On the piano mover’s problem: I I. General techniques

for computing top ological prop erties of real algebraic manifolds. ,

4:298–351, 1983.

[SS89] J.T. Schwartz and M. Sharir. A survey of motion planning and related geometric al-

gorithms. In D. Kapur and J.L. Mundy

, editors, , pages 157–169.

The MIT press, 1989.

[SS90] J.T. Schwartz and M. Sharir. Algorithmic motion planning in rob otics. In J. v an

Leeuwen, editor, , volume A, pages 157–169.

Elsevier, Amsterdam, 1990.

[ST86] N. Sarnak and R.E. T arjan. Planar p oint lo cation using p ersistent search trees.

, (29):669–679, 1986.