1

×

−

α

μ

′

′

′

′

×

−

S

S

S a priori

Theorem 1.

′

′

′

S

′

−

′

− −

1

3

2

( )

2 1

1 1 k k A

A

k A

O k

A A

A A

See sub-section 1.4 for background.

Abstract

1 Intro duction

1.1 Motiv ation and main result.

Ax b

x k b

k A k k

A b

O k

O k

A

A

A k

O k

E A A

E

μ

α α

α << μ

β

< β <<

β

A, A E

E

β

E

O β β

k A

O β β

Analysis of Av erage and W orst Case Error

in Hierarc hical Radiosit y Matrices

M. Pellegrini

Istituto di Matematica Computazionale del CNR, Via S.Maria 46, 56126-Pisa (Italy).

p ellegrini@imc.pi.cnr.it

r adiosity matrix

data p erturb ation discr etization err ors c omputational

err ors

Given a p olyhe dr al sc ene

with normalize d ac cur acy p ar ameter , it is p os-

sible to build matric es and as ab ove such

that:

1. Each entry of has an absolute value

smal ler than ;

2. The aver age absolute value of an entry of

is ;

3. The numb er of r ows and c olumns of is

.

Hierarchical radiosity is a technique develop ed in

the early 90’s to sp eed up the iterative solution of

systems of linear equations asso ciated with rendering

of complex scenes. The gist of the metho d consists

in substituti ng a dense matrix with a second

matrix of the same size but endowed with an

additional internal blo ck structure. Because of the

blo ck structure the pro duct of any -vector with

requires only ( ) op erations, thus sp eeding up the

solution of the asso ciated linear system. In this pap er

we give the first analytic study of the error

intro duced by the substitutin g the matrix to .

In particula r, we prove upp er b ounds on the absolute

v alue of any entry of the error matrix , b oth

in the worst case and on average. Such b ounds are

an essential ingredi ent in any rigorous analysis of the

overall p erformance of fast radiosity algorithms.

Comput-

ing global illumination of scenes for the purp ose

of photorealistic rendering is logically

, as well as

computationally

, split into several phases each of

which intro duces approximations and errors of

different typ es. A very clear discussion of differ-

ent typ es of error is in the pap er of Arvo, T or-

rance and Smits [A

TS94]. In the initial phases

the radiosity integral equation is transformed

into a finite system of linear equations, which in

matricial form we denote with = , where

is a vector of real unknowns, is a vec-

tor of real v alues and a matrix (the

so called ). Errors intro duced

in the initial phases are classified in [A

TS94] ei-

ther as or , and do not concern us in this pap er. According

to Arvo, T orrance and Smits errors incurred in

computing the entries of and and in solving

the linear systems are classified as

, and are the fo cus of the present pap er.

Exact solution of the linear system, for example

by Gaussian elimination, takes ( ) op erations

and is considered to o slow to attain the goal of

real time rendering rates. Thus usually the linear

system is solved iteratively

, where in each itera-

tion the most exp ensive task is a matrix-v ector

multiplication costing ( ) op erations. The gist

of the hierarchical radiosity metho d (HR) con-

sists in substituting the matrix with a blo ck

structured matrix which has the prop erty that

the pro duct of with any -vector requires only

( ) op erations. In this pap er we study the er-

ror matrix = and we give worst case

and average error b ounds on the entries of in

terms of the area of the surfaces in the scene

( ) and a user controlled accuracy parameter

. The parameter has the dimension of an

area and typically ( ). Intro ducing the

parameter normalized on the total area, where

0 = 1, the main result is the fol-

lowing:

2

( log )

( log )

2

′

2

S

≥

× i

j

a b

ϵ

ϵ

ϵ α μ

S i , .., n

P j , .., k k n

k k A A a, b

P P

A

k

A

c d

c d

F

F

A

α

1.2 State of the art in Hierarchical Ra-

diosity .

1.3 What is new in this pap er?

p atch-tr e es

form factor

links

disc ontinuity lines numb er

of links gener ate d by the algorithm HR

numb er of p atches gener ate d by the algo-

rithm HR

of the input

In the so called output-sensitive algorithms one can

also throw in measures of complexit y of the output

provided these are canonical, that is, indep endent on the

sp ecific algorithm.

With this theorem we are able to express b oth the

size of the matrices and the errors in terms of the

ratio of the input parameters and ( ). Clearly

it is p ossible, and sometimes useful, to reverse

the relations and express the errors in terms of

the area and the maxim um allowable size of the

radiosity matrix due to memory limitations.

Hierarchical radiosity (HR for short)

has b een intro duced by Aupp erle, Hanrahan

and Salzman [HS90, HSA91, AH93] in the early

nineties to sp eed up the solution of the linear sys-

tems asso ciated with a the numerical solution of

the radiosity and rendering integral equations. In

its simplest form the core of the HR algorithm is

as follows. The input is a set of interior-disjoint

surfaces (e.g. triangles) for = 1 repre-

senting the scene. The output is a hierarchical

decomp osition of the given surfaces into patches

, = 1 for . Since the patches are

generated by rep eated bisections, there is a nat-

ural tree structure asso ciated with the patches

( ). The patches pro duced are the geo-

metric supp ort of a piecewise constant expansion

of the radiosity function in a Galerkin discretiza-

tion scheme. The natural asso ciated radiosity

matrix is an matrix where [ ] is the

correlating patches and . How-

ever the matrix is not constructed explicitly as

it would take quadratic time in . What is con-

structed explicitly is a blo ck structured matrix

where each blo ck requires the computation of a

single form factor. Graphically this corresp onds

to computing the form factors among some pairs

of patches asso ciated with internal no des (call

them and ) in the path-trees and considering

these form factors (also termed ) as repre-

sentative of all the form factors among pairs of

leaves of subtrees ro oted in and . The decision

of forming a link dep ends on whether the v alue

of an estimator function for the form factor is b e-

low a user-defined threshold v alue. Arguments in

[HS90, HSA91] are given to show that the num-

b er of links computed is linear in the numb er of

patches pro duced.

The basic idea is susceptible of several v ari-

ations. Lischinski, T ampieri and Greenb erg in

[L TG93

] prop ose the use of to

p erform the bisection of the input surfaces (see

also [DS96

] for further developments). Lischinski, Smits and Greenb erg in [LSG94

] prop ose a

new estimator function where, b esides the the

form factor, the imp ortance of the patch with

resp ect to the view p oint, and upp er and lower

b ounds on the final asso ciated radiosity v alue are

considered. Smits, Arvo and Greenb erg [SAG94]

prop ose estimator for the energy transfer among

pair of patches, rather than the form factors. A

v ariant of such estimator is in [CS98].

While the core HR algorithm works by split-

ting large surfaces, when the input consist of

many small surfaces, an initial clustering phase is

required (see e.g. [Sil94

], [SAG94] [SD95

], [Sil95 ]

[DS96], [SS96], [GH96], [CSS96]).

The main

analysis in [HS90, HSA91] says that the

is linear

in the

. This is certainly an imp ortant prop-

erty

, however in a standard analysis of algorithm

(like those in Knuth’s b o ok [Knu68]) one should

express some measure of complexity of the algo-

rithm (e.g. numb er of steps, memory used, num-

b er of links pro duced by HR) as a function of

some measure of the complexity . At

the b est of my knowledge this pap er rep orts the

first input-output analysis of hierarchical radios-

ity algorithms, relating the relev ant algorithm

p erformance to the surface area of the input sur-

faces and the user-defined input accuracy param-

eter.

The basic HR algorithm in [HS90, HSA91]

requires, for deciding the bisection of a patch,

a user-defined threshold , which is meant to

control the final accuracy of the metho d. How-

ever do es not guarantee termination therefore

a second threshold v alue is added to control

the area of the smallest patch pro duced by the

algorithm. The presence of two thresholds com-

plicates the b ehaviour of the algorithm and its

analysis, as some heuristic must b e intro duced

to calibrate their relative v alues. This inconve-

nient p ersists in more adv anced versions of HR.

In our treatment a single parameter controls

b oth accuracy and termination thus making the

analysis relatively simple. Finally

, the error iny

∫

∫

′

·

∈S

0

0

0

0

0

2

0

y

η n > y x

x y

x y

x y

S

S S

S − ·

S

∈ S

S

| − |

S

S

S a p osteriori

bidir e ctional r efle ctanc e distribu-

tion function (BRDF)

b asis

test function

1.4 Background: integral equations in

graphics. Rendering equation.

Radiosit y equation.

Galerkin discretization.

A

L y , ω

y

ω

L y , ω y

ρ y , ω , η

y

η ω

n y

r ay y , ω ,

y ω

L y , ω L y , ω

ρ y , ω , η L r ay y , η , , η η n dη

L , ρ

L

L

ρ y , ω , η

B y

y

B y L y ρ y B x G x, y V x, y , dx

G x, y θ θ

x y

,

θ θ

n n x

y V x, y ,

xy

L , ρ

B

B tro duced by the matrix is studied by empirical

exp eriments in [HS90, HSA91] but not analyti-

cally

. Note that the error analysis in [LSG94

] is

of the typ e.

In this pap er we do not discuss in details how

to build estimator functions relying on techniques

in [Pel99a] to attain high precision estimates

efficiently

. However it is interesting to notice

that the estimates using [Pel99a] are always

finite, while some estimators like those used in

[SAG94

, CS98] may diverge.

The render-

ing integral equation was intro duced by Ka jiya

[Ka j86] to mo del the equilibrium of radiant en-

ergy exchange in a scene under a v ariety of lo-

cal shading mo dels including diffuse, glossy and

sp ecular reflectance within a a non-partecipating

medium. Extended description of such equations

can b e found in b o oks such as [FvDFH90, CW93,

SP94]. Using notation in [SP94] we define the

total radiance function ( ) to b e the radiant

energy emitted from a p oint of the surfaces (we

shall call the collection of surfaces of the scene),

in direction . Such function is given by the

sum of several contributions. Energy might b e

emitted (as in light sources) by lo cal phenomena,

and this contribution is accounted by a function

( ). F urthermore light received at from all

the other surfaces is re-emitted b ecause of (differ-

ent typ es of ) reflection. The function ( )

gives the fraction of the energy received at from

direction that is re-emitted in direction . Call-

ing the external normal unit vector at and

( ) the first p oint of met by a ray shot

from in direction , the rendering equation can

b e written as follows:

( ) = ( ) +

( ) ( ( ) )

(1.1)

The surfaces and functions are given

are part of the input. Thus the ob jective is to

find the function which is the solution of (1.1).

Analytic closed solutions are not known even in

the simplest mo dels so the continuous equation

must b e transformed into a system of linear

equations in a finite numb er of real v ariables

by the application of finite b oundary or finite elements metho ds. Note that the function has

a four dimensional domain.

The radiosity equa-

tion is obtained from the rendering equation

with the assumption that the function ( ),

also known as

is indep endent of the in-

coming and outgoing angles. F rom a physical

p oint of view this restriction corresp onds to re-

taining in the mo del effects due to p erfect diffu-

sion neglecting sp ecular and glossy effects. Next

we intro duce the radiosity function ( ) defined

as the radiant energy emitted p er unit of surface

at p oint (in any direction) and we obtain

from (1.1) the following equation:

( ) = ( )+ ( ) ( ) ( ) ( )

(1.2)

with

( ) = cos cos

(1.3)

where (resp. ) is the angle formed by the

outer normal (resp. ) and the line joining

and , while the function ( ) has v alue 1

if the op en segment do es not intersect , zero

otherwise. Again functions and surfaces

are known and the ob jective is to find the

function which is the solution of (1.2). Again

close form solutions are not known even in the

simplest mo dels and numerical finite element and

finite b oundary metho ds are used. Note that the

domain of the function is two-dimensional.

At an high level

the Galerkin metho d consists of two steps. In

the first step the unknown function which is

the solution of the integral equation is replaced

by the linear combination of known functions

taken from a finite set of functions called the

. The elements of the basis are known, while

the real co efficients of the linear combination

are the v ariables to b e determined. W e can

multiply b oth sides of any integral equation by

any function (called a ) defined on

the same domain of the unknown function and

then integrate over such a domain to obtain a

new equation. The Galerkin metho d consists in

taking as test functions exactly the basis. In the

derived equations the only v ariables are the real

co efficients of the linear combinations, therefore

∑

∑ ∑

0 0 0

0 0

0

2

S

S

S

S

S

S

S

S P { | }

≥

S

S

S

≤ S

S j

j

j j

x y

x y

i i

i i

x y

i i

x y

x y

x,y x y

x x form factors

higher or der form factors

link

1.5 Organization of the pap er.

2 HR: algorithmic asp ects

2.1 General sub division algorithm.

L

μ

L

L L

μ L

α

k

μ L /α

L α

P j , .., k

P P

μ P , P α

S μ S α

α

μ μ S >> αn

α

n

μ /α

μ P , P

k

μ /α

G V , E

S v

V v , v E

μ S , S G

n O n

μ S , S μ S μ .

α Q μ /α we can use linearity of integral op erators to

take them out of the integral sign. What is

left is a linear equation where the co efficients

are integrals involving the integral op erator and

the basis functions. F or more details on finite

element metho ds applied in radiosity radiosity we

refer the reader to [Heca], [Hecb ] and [A

TS94 ].

Galerkin discretization applied to equation

(1.2) leads to co efficients called (FF)

when the basis is made up of piecewise constant

functions, or (HOFF)

when the basis is not piecewise constant. The

use of piecewise constant basis in numerical so-

lution of radiosity equations has a long history

whose description is b eyond the scop e of this pa-

p er and we refer to [CW93][SP94]. Galerkin-

typ e solution of radiosity equations with non

piecewise constant basis have b een intro duced in

computer graphics by Heckb ert [Hec92] for two-

dimensional setting, by Zatz [Zat93] and T rout-

man, Nelson and Max for the three dimensional

setting [TM93]. The use of wavelet basis has b een

explored by Go ertler et al. in [GSCH93].

The pap er

is organized as follows. Section 2 gives a new ge-

ometric interpretation of HR in terms of geomet-

ric measures of lines in space. Section 3 gives two

sp ecific measures for lines, which are related to

different forms of the rendering equations Section

4 is devote to finding an explicit expressions and

b ounds for the entries of the error matrix Section

5 is devoted to conclusions and op en problems.

The geometric construction of the HR algorithm

can b e re-phrased in the following terms. W e are

given a finite set of compact p olygonal surfaces

in 3-space. Consider the set ( ) of lines meeting

those ob jects. Let us denote with a (weighted)

geometric measure of the set ( ). The task is to

split ( ) into subsets of constant descriptive

complexity such that

(i) Each subset has a measure ( ) less than

a threshold .

(ii) W e generate a numb er of subsets close to

the minim um necess ary numb er of subsets

(i.e. ( ( )) ).

(iii) The traces (i.e. intersections of the subset

of lines onto the surfaces of ) form an inclusion complex (that is, two traces

are either disjoint or one is included in the

other).

W e give the algorithm for a generic (weighted)

geometric measure of lines, then we will discuss

the implication of using a sp ecific geometric

measures.

W e are

going to build a series of graphs, where patches

are asso ciated to no des and edges are places ac-

cording to the geometric measure of lines meeting

the two incident patches. At the end the union of

the graphs of the series has the desired prop erties

(i), (ii) and (iii). W e have a user defined thresh-

old which controls the generation of edges.

Given we are lo oking for a decomp osition

of into patches = = 1 such

that we have an edge (also called ) b etween

patches and only if the measure of lines

( ) is less than . Every line meeting two

surfaces is part of the set of lines b eing measured

at some link.

T o simplify the discussion we assume that

there are no “small” patches. More precisely we

shall assume the following that for each input

surface , ( ) , that is we supp ose

that we do not have to start with surfaces to o

small with resp ec t to . Moreover we assume

( ) = ( ) , which means that

there are surfaces in the input whose asso ciated

line measure is much larger than , otherwise

the ob jective would b e attained trivially . F rom a

complexity p oint of view we consider the numb er

of input surfaces to b e much smaller (and thus

less imp ortant in complexity considerations) than

the ratio ( ) . T o simplify the treatment let

us supp ose that the quantity ( ) can b e

computed exactly . W e will b ound the numb er of

patches and the size of the graph by a function

of ( ) .

Let = ( ) b e the graph obtained by

asso ciating each input surface to a no de

in , and we put an edge ( ) in with

weight ( ). Thus the initial graph has

vertices and ( ) edges, the total weight is

( ) ( ) = ( )

Thus the numb er of edges whose weight is larger

than is b ounded from ab ove by = ( ) .

pushes

∑

∑

∑ ∑

∑

∫ ( )

′

′

′

′ ′

′

′

′

′ ′

′

′

|S | |S |

≥

\

∈

| |

S

S ≥

S

S

S

S

| \ |

| \ |

S ≤ | | |S |

S

0

0

0

0

0

1

1 0

1 2

0

1

2

11 12

11 2 12 2

2

0

1

0 1

2 2

2

2

( ) 2

2 i

i

a

i

i i

b

i i c

i i

i

i i

i

x y

x,y x y

x x

α α

x,y x y

n L

W

α

W

α

x

x

G

G α

G Q

Q

G G

G G G

e v , v E

v

v

v , v

v , v v , v

α

v

V

Q

μ

α

Q

α Q

Q G

G , G , ...

S

a

μ S

< α

a S

α

b

max μ S

< α

μ max μ S μ

α.

c μ

α

Q

μ α

μ /α

O Q Q

k V V

e E E

O Q Q

μ P , P

μ μ P , P π P π .

k O

μ μ P , P n L

dL W

n L

L

W

k

O

v

P

Lo cal refinemen t

Analysis.

3 Some sp ecific measures for lines

3.1 Measure with o cclusion.

3.2 Measure without o cclusion.

3.3 Maximum degree. Case 1. Measure with

o cclusion

W e obtain the reduced graph by deleting from

all edges with weight less than and, after

this op eration, all isolated no des. Note that

has at most edges and therefore at most

2 no des. The first element of our sequence

is that is the set of edges and vertices

eliminated in this reduction which are no longer

av ailable for manipulations. Next we show ho to

obtain and from .

. Now we start a refinement

pro cedure which takes an edge = ( )

and it down. The push op eration consists

in taking the surface asso ciated with one of its

two incident vertices say , split this surface into

two equal area pieces (we do this in a canonical

way , indep endently of ) and we create two

new no des and we compute the weight

of the edges ( ) and ( ). If one link

has weight larger then rep eat the split on the

second surface , thus from one link with two

no des we can get at most 4 new no des and 4 new

links.

A push can generate either two or or

4 new no des and either two, three or four new

edges. So we have generated at most 4 new

no des and the numb er of edges is at most 4 .

Now we eliminate the old edges which are not

considered any more. The total weight of the new

edges is still b ounded by ( ) and so the numb er

of remaining edges of v alue greater than is at

most . W e delete the edges with weight smaller

than . So we are left with at most edges. W e

eliminate isolated vertices, thus having at most

2 no des W e obtaining the reduced graph .

The new graph has more no des but the same

upp er b ound on the numb er of edges. Clearly we

can similarly construct the sequence

where the prop erties proved in the first step hold

for any graph in the sequence . How long can this

sequence b e? Clearly the splitting of surface

will b e finished at iteration where

( )

2

b ecause this implies that all of the weights of

no des at level from have weight smaller than

!. Naturally all splitting will b e over for a v alue

such that:

( )

2

and since ( ) ( ), we have that c also satisfy the stopping criterion:

( )

2

=

Therefore

= log

( )

= log

So to conclude the length of the sequence is a

function of ( ) and , at each graph the numb er

of no des and the numb er of edges are b oth linear

in ( ) and also linear is the numb er of edges

and no des deleted in the pro duction of the next

reduced graph. So in total the numb er of links

and no des generated is

( log )

So the total numb er = of no des

generated and the total numb er =

of edges generated are b oth upp er b ounded by

( log ). This proves part 3 of Theorem 1.

In ( )

we consider only lines that meet b oth surfaces

and no other surface b etween them. W e have

again the prop erty:

( ) = ( ) =

So we have is ( log ).

In Pelle-

grini [Pel99b] the relev ant measure on lines do es

not take o cclusions into consideration, therefore:

( ) = ( ) =

( )

2

=

where the integral is extended to all lines in 3-

space and the function ( ) gives the numb er

of surfaces intercepted by a given line . In

such case we express the b ounds in terms of

and not of the area of the surfaces. Thus is

( log ).

. In this case we can b ound the

total weight of all edges incident to a no de

corresp onding to surface with x

∑

∑

∫

∑

∑

∑

∑

∑

+1

=

=1 =

1

0

=1 =

1

( )

( )

( )

′

∩ ̸∅

−

−

∈

′

′

′

′

∈

′′

′′

′′

∈

≤ | |

| |

| |

−

×

−

| |

| |

−

∈

∈

∈

| |

| |

| |

| | | |

| |

Case 2. Measure without o cclusions

4 An explicit form of the error matrix

Summary of Notation y x y x

x

x

i

i

x

y x y

L P x

x

z

i

ii i k

j ,j i ij z

j

i

i

i ii

i i

ij i j

z

i

i i

j ,j i i j z

j i j

c d

i

i

k A i k

k

i

c

c

c

h L c h

h

d

d

l D d l l

c c d

d j μ P , P π P .

v

α π P /α

G

G

π P /α

μ P , P n L dL W

W

Ax b k k

x

a b a x

z i

i , . . . , k j

i , . . . , k

b

L

x

B a

i π

B P π

a μ P , P

B

π P

E μ P , P B i j

μ P , P

i c j d

μ P , P

i

j

c i

d j

A i i

c A i

D d d

j D d

L c c d L c

B

i

B B

B

B

i k c

B

c

B

π P μ c, h B

B

h h d

B

π P π P B

l j

i j

c d

π P μ P , P

π P π P

( )

Therefore the numb er of edges incident to and

of weight greater than is at most for

a graph , thus the numb er of edges incident

to each corresp onding no de in is at most

2 .

.

( ) = ( ( ) 1) =

The ab ove arguments can b e rep eated using the

total weight . Note that in the splitting

pro cess the sum of weights asso ciated to the

descendants of the same level is non-increasing

in b oth cases. This is due to the fact that when

we split we do not increase the total weight at a

no de, when we delete no des the total weight at

all other no des can only decrease.

In this section first we aim at giving an explicit

formula for an entry of the error matrix. Then

we find upp er b ounds to these entries. A generic

linear system = of size can b e solved

iteratively by the Jacobi iterative metho d:

=

1

(4.4)

where is the iteration numb er, the row index

(for = 1 ), and the column index (for

= 1 ). Now we adapt formula 4.4 to

the iterative solution of the radiosity equation.

In this case the terms are easily computed

integrals related to the emissivity in equation

(1.2). The terms are radiosity intensities,

which we denote with . The term is the

area of the patch times . The energy sent in

all directions is . The energy received is

instead the radiosity intensity along certain lines

times the measure of lines having that intensity

so = ( ). Rewriting in the problem

sp ecific notation:

=

1

( )

Now unless there is a link b etween and the

v alue of ( ) has not b een computed by HR,

however in some patch-trees there must b e an

ancestor of (call it ) and one of (call it )

such that the link has b een established by HR

b etween them, therefore ( ) is av ailable.

:

1. is a leaf of the first patch-tree,

2. is a leaf of second patch-tree,

3. is an ancestor of ,

4. is an ancestor of ,

5. ( ) is the set of ancestors of , clearly

( )

6. ( ) is the set of leaves descending from ,

clearly ( )

7. ( ) set of no des lined to , clearly ( ).

8. radiosity intensity for lines leaving patch

.

If we asso ciate an intensity of radiosity also to

the intermediate no des of the tree, we have:

=

where denotes the intensity due to energy

gathered through links asso ciated with the no de,

while is the v ariable of the linear system

asso ciated with the leaf . Now for = we

have to compute . This is given by the ratio

of all the gathered energy to the area of patch .

=

1

( )

where is the average intensity of the leaves

descendant of . T aking = :

=

1

Naturally we have that one v alue of the index

is . So in terms of non-normalized system

the co efficient linking to through the linking

parents and is:

1

( )

1

2

′ ′

′ ′

′

∈

′

∈ ∈

∈ ∈

∈ ∈

′

′

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

∫

|

|

|

|

|

|

|

|

∫ ∫

∫ ∫

∫ ∫

| |

−

| |

| || |

| | −

| |

| |

| |

| |

| |

| | ≤

×

×

−

| |

| |

| |

| |

| − | ≤

| | | | ≤

≤

≥

− ij j i

i c d j

c d

ij i ij j i c d i

c j

d

c d

x D

c d

i j

j i c d i

c j

d

x D x D

x D x D

x D x D μ P , P

π P μ P , P

P

π P P

.

A

δ π P μ P , P μ P , P

P

P

P

P

A

A

α f

f D

D

μ S , S f dx D f α

D S S f

G

D S S

μ P , P μ P , P

P

P

P

P

f dx f dx

f dx f dx

f dx f dx α

f

α

O Q Q

O αQ Q

A

Q

O α Q /Q

O α

A

A

Ax b

A A

4.1 Bounds on the entries of the error

matrix

Remark.

4.2 Iterative solution of the linear sys-

tem.

5 Conclusion and op en problems

References

A hier ar-

chic al il lumination algorithm for surfac es with

glossy r efle ction

A fr amework for the analysis of err or

in glob al il lumination algorithms

[AH93] L. Aupp erle and P

. Hanrahan,

, Computer Graphics Pro ceed-

ings, Annual Conference Series, 1993, 1993,

pp. 155–162.

[A TS94] James Arvo, Kenneth T orrance, and Brian

Smits,

, Pro ceedings

of SIGGRAPH ’94 (Orlando, Florida, July 24–

Now the difference b etween this co efficient and

the one of the Jacobi iteration matrix is:

Δ =

( )

( )

Going back to the original matrix , the corre-

sp onding error is:

= Δ = ( ) ( )

The interpretation of this formula is clear

when we think of the measure of lines meeting

two surfaces as a pro duct of the area of one

surface times the average solid angle. The second

term represe nting the measure of lines meeting

two larger surfaces is scaled by a factor taking

into account the shrinking of the area and a

second factor taking into account the shrinking

of the angle.

A simple error analysis the following.

On each blo ck of entries in , corresp onding to

a link in , the absolute v alue of the asso ciated

weight is b ounded by . Calling

¯

the average of

a function defined over a domain of measure

we have that by the definition of average

v alue:

( ) = =

¯

where = and it the solid angular

density intro duced in subsection 1.4 (formula

(1.3)). Let = The error is given by:

( ) ( ) =

¯

+

¯

+

¯

2

where we use the prop erty that 0. This

proves part 1 of Theorem 1

Note that the b ound 2 applies also to the

sum of all absolute errors for entries in a single

blo ck. The numb er of blo cks is ( log ) so the total error over all blo cks is ( log ).

The numb er of elements over the full matrix

is Ω( ), so the average error p er element is

( (log ) ). After a final normalization step

by the total area, this completes the pro of of

parts 1 and 2 of Theorem 1.

The average sum of absolute errors on

each row is also ( ).

After proving b ounds on the elementwise

error incurred in using computed by the HR

algorithm instead of in the solution of the lin-

ear system = the next logical step is to

cho ose some iterative scheme. One go o d candi-

date is GMRES [GL96

, page 549] since here the

matrix A is used directly without mo difications.

Quantifying how the error impacts on the

iterative solution of the linear system is going to

b e a topic for future research.

In this pap er we have analyzed the error in-

curred when we exchange the full radiosity ma-

trix used in the standard Galerkin numerical so-

lution of the rendering equation with the blo ck

structured matrix generated by the hierarchical

radiosity algorithm (HR). Moreover, we give the

first input-output complexity and error analysis

of such exchange. W e have made the analysis

in the simplest geometric setting, which is view-

indep endent and energy-indep endent. An obvi-

ous op en problem is to extend the analysis to

the more sophisticated v ariants of HR when the

sub division is guided by weights involving esti-

mates of the actual energy transfer and/or of the

imp ortance for the final image on the screen. I

hop e this pap er will b e received as a v alid contri-

bution in the direction of building solid analytic

foundations for computer graphics.

9

15

15

11

Tighter err or b ounds and weighte d err or metrics

for hier ar chic al r adiosity

Glob al il lumination of glossy

envir onments using wavelets and imp ortanc e

R a-

diosity and r e alistic image synthesis

A c-

cur ate visibility and meshing c alculations for

hier ar chic al r adiosity

Com-

puter gr aphics, principles and pr actic e, se c-

ond e dition

Efficient hier-

ar chic al r efinement and clustering for r adiosity

in c omplex envir onments

Matrix c omputations

Wavelet r adiosity

Finite element metho ds for

r adiosity

Intr o duction to finite element

metho ds

R adiosity in flatland

A r apid

hier ar chic al r adiosity algorithm for uno c clude d envir onments

A r apid hier ar chic al r adiosity algo-

rithm

The r endering e quation

The art of c omputer pr o-

gr amming I: F undemental algorithms

Bounds and err or estimates

for r adiosity

Combining hier ar chic al

r adiosity and disc ontinuity meshing

A ge ometric appr ao ch to c om-

puting higher or der form factors

R endering e quations r evisite d:

how to avoid explicit visibility c omputations

A

clustering algorithm for r adiosity in c omplex en-

vir onments

F e atur e-b ase d

c ontr ol of visibility err or: a multi-r esolution

clustering algorithm for glob al il lumination

Clustering and volume sc at-

tering for hier ar chic al r adiosity c alculations

A Unifie d Hier ar chic al Al-

gorithm for Glob al Il lumination with Sc attering

29, 1994) (Andrew Glassner, ed.), Computer

Graphics Pro ceedings, Annual Conference Se-

ries, ACM SIGGRAPH, ACM Press, July 1994,

ISBN 0-89791-667-0, pp. 75–84.

[CS98] Chin-Chen Chang and Zen-Chung Shih,

, The Journal of Visu-

alizati on and Computer Animation (1998),

no. 2, 53–63, ISSN 1049-9807.

[CSS96] Per H. Christensen, Eric J. Stollni tz, and

David H. Salesin,

,

ACM T ransactions on Graphics (1996),

no. 1, 37–71.

[CW93] Michael F. Cohen and John R. W allace ,

, Academic

Press Professional, San Diego, CA, 1993.

[DS96] George Drettakis and F ran¸ cois Sill io n,

, Eurographic s Renderin g

W orkshop 1996 (New Y ork City

, NY) (Xavier

Pueyo and Peter Schr¨ oder, eds.), Eurographi cs,

Springer Wien, June 1996, ISBN 3-211-82883-4,

pp. 269–278.

[FvDFH90] James D. F oley

, Andries v an Dam,

Steven K. F einer, and John F. Hughes,

, Addison-W esley

, Reading, Mas-

sachusetts, 1990, Overview of research to date.

[GH96] S. Gibson and R. J. Hubb old,

, Computer Graphics

F orum (1996), no. 5, 297–310, ISSN 0167-

7055.

[GL96] Gene H. Golub and Charles F. V an Loan,

, third ed., Johns Hop-

kins Studies in the Mathematical Sciences, The

Johns Hopkins University Press, Baltimore,

MD, USA, 1996.

[GSCH93]

Steven J. Gortler, Peter Schro der, Michael F.

Cohen, and Pat Hanrahan, ,

Computer Graphics Pro ceeding s, Annual Con-

ference Series, 1993, 1993, pp. 221–230.

[Heca] P

.S. Heckb ert,

, Global illumi nati onco rse course notes

Siggraph 93. Av alable at www.cs.cmu.edu/ ph/.

[Hecb] P

.S. Heckb ert,

, Global illu min ati on course notes Sig-

graph 93. Av alable at www.cs.cmu.edu/ ph/.

[Hec92] Paul Heckb ert, , Com-

puter Graphics F orum (Eurographi cs ’92)

(1992), no. 3, 181–192.

[HS90] Pat Hanrahan and David Salzman,

, Pro ceedings Eurographi cs W ork-

shop on Photosimul ati on, Realism and Physics

in Computer Graphics (Rennes, F rance), June

1990, pp. 151–71.

[HSA91] Pat Hanrahan, David Salzman, and Larry

Aupp erle,

, Computer Graphics (SIGGRAPH ’91

Pro ceedings ) (Thomas W. Sederb erg, ed.),

vol. 25, July 1991, pp. 197–206.

[Ka j86] James T. Ka jiya, ,

Computer Graphics (SIGGRAPH ’86 Pro ceed-

ings) (David C. Ev ans and Russell J. Athay ,

eds.), vol. 20, August 1986, pp. 143–150.

[Knu68] D. E. Knuth,

, Addison–

W esley

, Reading, Massachusetts, 1968.

[LSG94] Dani Lischinski , Brian Smits, and Don-

ald P

. Greenb erg,

, Pro ceedings of SIGGRAPH ’94

(Orlando, Florida , July 24–29, 1994) (Andrew

Glassner, ed.), Computer Graphics Pro ceed-

ings, Annual Conference Series, ACM SIG-

GRAPH, ACM Press, July 1994, ISBN 0-89791-

667-0, pp. 67–74.

[L TG93] Daniel Lischinski , Filipp o T ampieri, and

Donald P

. Greenb erg,

, Computer

Graphics Pro ceedings, Annual Conference Se-

ries, 1993, 1993, pp. 199–208.

[Pel99a] M. Pellegri ni ,

, Pro ceedings of

the 15th ACM Symp osiu m on Computational

Geometry

, June 1999, T o app ear.

[Pel99b] M. Pellegri ni ,

,

Pro ceedings of the 10th ACM-SIAM Symp o-

sium on Discrete Algorithms, January 1999,

Av ailabl e at http://www.imc.pi.cnr.it/ marcop,

pp. 725–733.

[SAG94] B. Smits, J. Arvo, and D. Greenb erg,

, Computer Graphics (SIGGRAPH

’94 Pro ceedings), July 1994, pp. 435–442.

[SD95] F. Silli on and G. Drettakis,

,

Computer Graphics (SIGGRAPH ’95 Pro ceed-

ings), August 1995, pp. 145–152.

[Sil94] F ran¸ cois Sill io n,

,

Fifth Eurographi cs W orkshop on Rendering

(Darmstadt, Germany), June 1994, pp. 105–

117.

[Sil95] F rancois X. Sill ion ,

1

V olumes and Obje ct Clusters

R adios-

ity and glob al il lumination

A c cur ate er-

r or b ounds for multi-r esolution visibility

R adios-

ity algorithms using higher or der finite element

metho ds

Galerkin r adiosity: A higher

or der solution metho d for glob al il lumination

, IEEE T ransac-

tions on Visualizati on and Computer Graphics

(1995), no. 3, 240–254.

[SP94] F ran¸ cois Silli on and Claude Puech,

, Morgan Kaufmann,

San F rancisco, 1994, excellent coverage of ra-

diosity and global illumi na tion algorithms.

[SS96] Cyril Soler and F ran¸ cois Sill ion ,

, Euro-

graphics Rendering W orkshop 1996 (New Y ork

City

, NY) (Xavier Pueyo and Peter Schr¨ oder,

eds.), Eurographics, Springer Wien, June 1996,

ISBN 3-211-82883-4, pp. 133–142.

[TM93] Roy T routman and Nelson L. Max,

, Computer Graphics Pro ceedings, An-

nual Conference Series, 1993, 1993, pp. 209–

212.

[Zat93] Harold R. Zatz,

,

Computer Graphics Pro ceeding s, Annual Con-

ference Series, 1993, 1993, pp. 213–220.